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We considersolutionsto the unforcedincompressibléNavier—Stolesequationsn a 2z-periodic
box. We split the solutioninto two partsrepresentinghe large-scaleand small-scalemotions.
We definethe large-scaleas the sum of the first k. Fourier modesin eachdirection, andthe
small-scaleasthe sumof the remainingmodesWe attemptto reconstructhe small-scaleby in-

corporatingthe large-scalesolutionasknown forcing into the equationgyoverningthe evolution

of the small-scaleWe wantto find the smallestvalueof k. for which the time evolution of the
large-scalesetsup the dissipatve structuresothatthe small-scalés determinedo a significant
degree.Existingtheorybasedon enepgy estimategjivesa pessimisticestimatefor k. thatis in-

verselyproportionalto the smallestength-scalef the flow. At thisvalueof k. theenegy in the
small-scalds exponentiallysmall. In contrastnumericalcalculationsndicatethat k. canoften
be chosenremarkablysmall. We attemptto explain why the time evolution of a relatively few

numberof large-scalemodescan be usedto reconstructhe small scale-scalenodesin mary

situations We alsoshaw thatsimilar behaviour is foundin solutionsto Burgers’equation.

1. Intr oduction

The problemwe wantto discusss motivatedby weatherprediction.Typically onedividesthe
atmospherienotionsinto large-scalemesoscalendsmall-scalenotions.Theirlengthscalesare
1000 km, 100 km and10 km respectiely. To startanumericalweatheiforecasioneneedsnitial
datawhich mustbe provided by obsenations.Unfortunatelythe obsenationalnetis too sparse
to obtaininitial datafor the meso-scalendthe small-scaleThis is a seriousproblem,sincefor
extendedforecastsone needsat leastinitial datafor the mesoscalesBeing optimistic one can
arguethatthe obsenationsdetermineghelarge-scalemotionanddueto modernmeasuringech-
niguesonecanobsene thetime history of the large-scalelf the time history of the large-scale
motion determineghe smallerscalesthenonecanthink of the following procesgo determine
the missingscalesof theinitial data.Assumethatwe wantto make a weatherforecaststarting
attimet = 0. To obtainthe correctinitial datawe startattime ¢t = —T, andassumehatdue
to obsenations,we know the time history of the large-scaldbetween—T, < ¢t < 0. Therefore
we canreplaceat every time stepthe calculatedarge-scaléy the obsenedlarge-scaleandhope
thatthe smallerscaleshave adjustedo the correctvaluesatt = 0.
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Operationalweathempredictionmodelsincludemary complicatedpbhysicalprocesseclud-
ing the effectsof solarheatingandcloud formation.It would be difficult to quantitively study
the efficacy of incorporatingthe time history of the large-scaleinto this full modeldueto the
mary modelingapproximationsnadeanddueto the errorsmadein measurement$Ve arethus
led to studythe underlyingsimplified modelsfor Burgers’ equationin one-dimensiorandthe
incompressibléNavier—Stolesequationsn two andthreespacedimensions.

ConsidertheincompressibléNavier-Stokesequationdor the velocity w andkinematicpres-
surep,

ug + (u- V)u + Vp=vViu, v >0, (1.19)
V-u=0, (1.1b)

with initial conditionsgivenattime tq
u(z, ty) = uo(x), (1.10)

andwith periodic boundaryconditionson the box with sidesof length 27 andvolumeV. For
everyfixedt > t, we canexpandthe solutioninto a Fourierseries

u(a,t) =Y a(k,t)e™, pla,t) =Y pk,t)e*. (1.2)
k k
Herek = (ki1, k2, ks3)? is amulti-index with k = |k| = \/k? + k2 + k2. Let k. beanatural

numberrepresentinghe wave-numberat which we divide the solutioninto the large andsmall
scalesWe split u into two parts,u = u! + u!! where

ul(x,t) = Plu := Z w(k,t)e*®,
[k|<kc+1/2

ul(z,t) = PHu = Z a(k,t)e* =,
|ke|>ke+1/2

We callu’ = PTu thelarge-scalendu’’ = Py the small-scaleThe operatorsP! andP!?
areprojectionswith PT + PIT = [, Let

l[ull® = llu(, )" = /v lu(z,t)] de,

denotethe usual L, norm. The kinetic enegy per unit massand enstrophyper unit massare
denotecby

1 1
Ex = Ek(u) = @IIUIIQ, Q=0u) = ﬁl|€||2,

respectiely andwhere€ = V x wu is thevorticity.

In three-dimensionwe will choosehewave-numbetrk, in suchaway thatthekineticenegy
of the large-scalas large comparedo the kinetic enegy of the small scale.In mary turbulent
flows mostof thekinetic enegy is containedn thelongwavesandk, canbechoserrathersmall
independenthpf the viscosityv.

We canwrite the Navier—Stolesequationsasa systemfor the large-scaleandthe small-scale
respectiely,

ul + PT[(u + o) - V)u! + (u! - V)uT] + Vp! =oV2ul + FI@u'T), (139

V-ul =0, (1.30)

Wl + P (! +u") - V)u!T + (! - V)u!] + Vp!' = vv2ul! + F(u!), (L4)
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V- ull =0, (1.4b)
where
FI(UII) — _sz [(UII . V)UII] , FII(uI) — —PII [(uI . V)UI] .
Assumeto begin with thatwe know theinitial data
u'l(z,t0) = ug' (), (1.5)

of the small-scaleandthe time evolution of the large-scalethatis we know u! (z,t), t > to.
Thenwe canuse(1.4) and(1.5) to exactly reconstructhe small-scaleNow assumehatwe do
not know theinitial datafor the small-scalebut do know w! asafunction of spaceandtime. If
we solve (1.4) with zeroinitial datathenwe will generatea new approximatesolutionthat we
call the playbad solution, {u,, p,} = {u] + ul’, pl + pl'} satisfying{u],p]} = {u,p'}
and

3tU,I)I + P! [((UI + U,IJI) -V)u, + (u,I,I . V)uI] + Vp,I,I = IJVQ'LLII,I + F'(u!), (1.6a)
V-ull =0, (1.60)

uil(:z:,tg) =0. (1.60)
The questionwe want to answeris how large mustwe choosek. so that the small-scaleis

recoveredat somefuturetime T'. Definetherelative errorin the small-scaldoy
G ) = uT D))

) = TP

(1.7)

DEFINITION 1. We saythatthelarge-scaledeterminesthe small-scale to an accumacyof e,
at somefuturetimeT” = O(1), if therelativeerror at T is lessthane,

ep(T) < e.

Notethatwe considettheinitial valueproblemwith no externalforcing andthus
Jim [[u(- 5] = 0.

Ourresultsareonly of interestif the smallscaleis recoveredatatime T beforethe solutionhas
decayedo a pointwhereit beharesessentiallyasa solutionto the heatequationlIf theequation
for the small-scalewerelinear and uncoupledto the large-scalehenit would not be possible
for thelarge-scaleo determinethe small-scaleThe couplingof the large-scaleandsmall-scale
throughthe nonlineartermsis thuscritical.

In section2 we first examinesolutionsto Burgers’equatiorto seewhenthesmall-scaleanbe
reconstructedrom thetime history of thelarge-scaleTheresultsshav thatevenfor very small
valuesof k. thesmall-scaldeaturesassociatedvith thelarge-scaleshocksarequickly recovered.
We arguethatthelarge-scalectsto createhedissipatve structuregshocksandthaterrorsin the
playbacksolutionarepropagatednto the shocksalongcharacteristicsvherethey arecorverted
to high-frequencieshat canbe effectively dampedby viscousdissipation.Althoughin general
thelarge-scaleappeargo determinemuchof the small-scalegherecanof coursebe small-scale
featureghatarenot stronglycoupledto thelarge-scaleandthuswill notbereconstructed.

In section3 we considerthe Navier-Stokes equationsWe give someheuristicargumentsto
suggestvhenthe time history of the large-scalanight determinethe small-scaleln sections4
and5 we presentnumericalresultsfor two-dimensionakndthree-dimensionaNavier—Stoles
equationsrespectiely. Theseresultsshow fairly genericcasesvhenthe large-scaledoesdeter
mine the small-scaleprovided the large-scalecontainsa significantfraction of the enstrophyin
two-dimension®r enegy in three-dimensions.
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Theapproactwe discusdhereis relatedto the proces®f continuouslataassimilation(or four
dimensionatataassimilatior) in meteorologyoriginally adwocatedby Charng etal. (1969)and
Thompsorn(1969).SeeDaley (1991),chapterl 2, for aniceovervien. Our computation$ereare
in the spirit of the socalledidenticaltwin experimentwhich avoidsthe problemswith uncertain-
tiesin the modelby generatingsyntheticdatadirectly from the modelitself, ratherthanusing
measurementgeefor exampleWilliamson & Dickinson (1972) and Talagrand(1981). Typi-
cally this approachassumeshattime dependentlatais availablefor only someof the variables
(suchasthe temperaturavhich canbe measuredy satelite)andthenaskswhenthe remaining
variablescanbe recovered.Analysisof the approactis oftenfor alinearizedmodelsuchasthe
shallov waterequationsThe effectsof nonlinearityareoften characterizeéismakingthe prob-
lem harder In contrastour resultsshov how the nonlinearitiescan sometimegive improved
results.

In otherrelatedwork Chorinetal. (1999)studyhow to predictthe solutionto time dependent
PDEswith underresohedcomputationdut whenprior statisticalpropertiesof the solutionsare
known.

2. Burgersequation

Burgers’ equationis a well known modelfor analysingpropertiesof shocksandturbulence,
seefor exampleLesiuer(1990), Tatsumi(1980),and Whitham (1974).1t is a simple equation
that combinesnonlinearwave propagatiorwith diffusion. It modelsmorecomplicatedsystems
in situationswherethesetwo processesre the dominanteffects. We considerthe solution of
Burgers’equation

U + Uy = Vigy, (2.1a)
ontheinterval [0, 27] with initial conditions
u(z,0) = f(2). (2.1b)

We areinterestedn real solutionswhich are 2x-periodicin z and we assumehat the initial
conditionsarereasonablysmooth.Althoughthe exact solutionto Burgers’ equationcanbe de-
terminedfrom the Cole-Hopftransformationseefor exampleWhitham(1974),we will only use
argumentdasedon enegy estimatesandthe methodof characteristics.

We shall give a proof basedon enegy estimatego shav that somenumberof large-scale
modesof Burgers’ equationdeterminethe small-scalemodes.The ideaof the proof is dueto
ConstantinfFoias& Temam(1984)andvariantsof it have beenusedby sereralauthorsfor ex-
ampleFoias& Temam(1984);ConstantinfFoias,Manley & Temam(1985);Foias& Titi (1984);
Jonesk Titi (1993);ConstantinDoering& Titi (1996).Unfortunatelytheenegy estimategpre-
dict thatthe numberof large-scalenodesneededs of theorderk, = O(|f|/v). In this case
theremainingsmallscalemodesareexponentiallysmall,

S kD) < Ketk,
k| > kot1/2

where K andé§ > 0 aresomeconstantsFrom our numericalcomputationsve know that this
estimatefor k. is, in generalmuchtoo pessimisticwe shall presentsomeargumentsso shav
why k. canoftenbe chosermuchsmaller(perhapsndependentlyf v).

Wewill seebelow thatquestiorof whethetthelarge-scalaletermineshesmall-scalés related
to the questionof whetherperturbationsn the small-scalearerapidly dampedFor intermediate
smallscalemodeswith wave-numbett wherek, < k < v~1/2 thediffusiontermwill havelittle
effectin dampingperturbation®veranO(1) timeinterval. However, dueto its nonlineamature,
Burgers’ equationsetsup dissipative structureshat are effective at dampingtheseintermedi-
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atewave numbersWe will arguethatthe large-scalemodessetup the shocks(the dissipatve
structurespndalsocorvectperturbationsnto the shockregionswherethey arecompressednd
dissipatedy viscosity

We proceedby decomposinghe solutioninto the low and high frequeng Fourier modes,
u = u! + u!. We considerthe situationwhenthe large-scaleu! (, t) is known for ¢t > 0. Let
P denotethe operatorthat projectsa functionontothe small-scale,

ull = pliy.

By substitutingu = «’ + «'7 into (2.1a,2.1b) andapplyingthe projectionP’ to the resultwe
obtainanequatiorfor thesmall-scales’” asafunctionof thelarge-scalas’,

U{I + IPII[’LLIuiI + U;’LLII + UII’LbiI] = l/uii + PIIF(UI), (22a)
with initial conditions
u'(z,0) = f1(z), (2.20)
andwhereF (u!) is definedby
Fu') = —u! —u'ul +vul (2.2c)

Trr*

We comparethe solutionof (2.2) with the solutionto the sameequationsbut with zeroinitial
conditions,(in otherwordswe perturbtheinitial conditionsin the small-scalenodeshby setting
themto zero),

Otuzl,l + 'PH[uIﬁwuil —+ azquzI,I + u{,’azu{,’] = u@iuf + PHE@W), (2.39)

with initial conditions
up! (z,0) =0. (2.30)
Wecallu, = u! +u£’ theplaybad solutionandareinterestedn knowing Whetheru{,I corverges
to u!! by sometime T, whereT = O(1). Note that sincethe solution corvergesto zero at

t — oo, u'" —u!T will goto zeroeventually We arenot, however, interestedn this long time
behaviour. Theerrorin thesmall-scalew = u'" — u]’, satisfies

1
wy + P ulw, + ulw + 5((u” + uf,l)w)m] = VWyg, (2.49)
obtainedby subtracting2.3a)from (2.2a).This equationcanalsobewritten as
1
wy + P (uw), — §(w2)w] = VWgy. (2.4b)

Theinitial conditionsfor w are
w(z,0) = f(z) = u''(,0). (2.4c)
We areinterestedn shawing thatthereexistsatime T” = O(1) whentherelative errorin the
playbacksolutionbecomesmall. We definetherelative errorin the playbacksolutionas
e(t) = [ 8) = GOIP _ llwC, O
g lut (-, )17 llut (-, )11
We divide by the enegy in the small-scaleof the referencesolutionto accountfor the overall
decayof the solution.

We first shaw thatby choosingk. sufficiently largetheabsoluteerrorwill decayexponentially
fastto zero.

ProPosITION 1. Theerror in the playbad solution,u, will go to zeo providedwe choose
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the cut-of wavenumbek, accodingto

[a + |ug|
ke > ot ltale w|°°.
2v

for anya > 0. In particular we havetheresultthat
]| < e ) flut (-, to)]]-
Here

Jtiz] oo = SUP [tz (-, )] oo -
t>to

Thetimety > 0 hasbeenintroducedsince|u, (-, 0)| couldbeinfinite.

Proof:
Takingtheinnerproductof w with (2.4b) gives,

5 7)) = v(w,wse) 25)

In orderto useintegrationby partsto simplify this expressionwe needto treatthe seconderm
which containsthe operatorP!!. Using Parse&al’s equationit follows that P! is a self-adjoint
operatorsincefor any two sufficiently smoothfunctionsf andg

(f,Pg)=2r > frgr=(P"f.9).

‘k‘>kc

(w, wy) + (w, P [(uw), —

Now sincew = P!y it follows that

L o _ (pll L o _ L o
5 (@%)a]) = (PP, [(uw)e — 5 (w%):]) = (w, [(uw)s — 5 ("))

Whenceequation(2.5) canbe written without the projection

(1,00) + (w, () — 5 (07)2) = v, W),

(w, P [(uw), —

Integrationby partsgives

| @

1
lwll® = =5 (w, uow) — vl | (2.6)

DN | =
o5

t

wherewe have used(w, (w?),) = 0 and (w, (uw),) = (w,u,w). Equation(2.6) indicates
how theenegy in theerrordecaysvertime.

Thefirsttermontheright-hand-sideanbeestimatedfor ¢ > ¢, with thebound|(w, u,w)| <
|uz| oo ||w||?. Sincethefirst k. Fourier modesof w are zeroit follows that ||w,||? > k2||lw]|?.
Therefore

1 8 2 1 2 2
—— < (= - i
5 a1l < Glusloe = vED) ]
If we choose
k. > 1/%‘ 2.7)
2
then

0 A
Sillwl* < —allw|l®

DN | =

for t > to andtherefore||w(-, t)|| will decayexponentiallyfastto zero,

lw(, )l < exp(=a(t —to))l|w(:,t0)l|-
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FIGURE 1. Thisfigureillustratesa conjecturednechanisnfor the partialremoval of errorsin the playback
solutionfor Burgers’ equation Errorsin smoothregionsof the flow areadwectedto the shockwherethey

are compresse@nd dampedby the viscousdissipation.The nonlinearcoupling betweenthe large- and
small-scalenotion canthusincreasehe effective dissipationof theerror.

This completeghe proof O
Unfortunatelythe bound(2.7) is quite pessimisticandis a resultof usingthe crudeestimates
for the termson the right-hand-sideof equation(2.6). To seehow bad this boundis we can
estimatethe size of |u,|. asfollows. Considera solutionto Burgers’ equationwith a shock
wherethe solutionvariesfrom the stateu, ontheleft to the stateu g ontheright. We definethe
shockstrengthto be the positive numberS = ugr — ur. Dimensionalanalysisshawvs that the
width of theviscousshockprofileis orderrv/S andthus
2
oo < K2, (2.8)
v
for someconstanK. Thereforefrom (2.8)and(2.7),we obtaintheestimatehatthe cut-off wave
numbershouldbe atleastk. = O(S/v) in orderthatthe large-scaledeterminethe small-scale.
Numericalresultsstronglysuggesthatthis estimates usuallymuchtoo large.
We shallnow outline someargumentghatsuggestvhy in practicewe canoftenchoosek. to
bemuchsmallerthanO(S/v).

2.1. Burgers’ equationwith a singleshod

We first considera specificexampleof reconstructinghe small-scaldor a single periodicsaw-

tooth shock.Figure (2) shaws the solutionto Burgers’ equationon theinterval ) = [—1, 1] for

initial conditionsequalto a sinewave. Startingat time ¢ = .5 whenthe shockhasformedwe

thencomputethe playbacksolutionby our reconstructiorprocedureThe errorsin the playback

solutionareshowvn in figures(2-3). Seethediscussiorin section(2.3)for furtherdetails.
Thefull solutioncanbeapproximatedy savtoothshockwhichis of theform

M@)(z+1) for-1<z<-b

u(z,t) & { M{t) (z—1) forb<z<1 (2.9)

HereM = S/2 > 0 andb = O(v/M) < 1 is the approximatewidth of the shock.From
figure (2) it canbe seenthatthe errorin the smallscalew, attime ¢ = 3 is smoothaway from
the shock.At the shockthereis a sharplayer wherew transitionsfrom its maximumvalueto
minimumvalue.An examinationof the error over time indicatesthatw is alwayssmoothaway
from the shockandusuallyhasa sharplayeratz = 0. It appearghatthe shockregion actsasa
sink for theerrorswhich areadwectedinto the shockanddissipated.
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. . Burgers Equation, Error in Assigning 4 Modes, t=3., v=.00125
Burgers Equation, Reference Solution Run, v=.00125 1 . ‘ .

0.8

0.6F

1.0e-06
=]
EN

normalized error, scale
]
o
N

normalized error

FIGURE 2. Burgers’equation:onthetop left is the solutionover time for aninitial conditionconsistingof
asinewave. Onthetoprightis theerrorin the playbacksolutionatt = 3 whenassigningk. = 4 modes.
Onthebottomis thenormalizederrorover time for k. = 4; theerroris normalizedto have a maximumof
1 ateachfixedtime. Theerroris smoothaway from the shockandusuallylargestnearthe shock.

Considerthe enegy estimatefor the error, equation(2.6),

10 s 1 9
2 P = 5 ) — vl
= Z(w,u).

Wewishto shawv thattheright handsideto this expressiorwill belessthanzero.Splittheinterval
Q1 = [-1,1] into theregion B = [—b, b] nearthe shockwhereu, < 0 andtheregion? — B
whereu, > 0. Hereb = O(v/M) is the point nearthe shockwhereu reachesa maximumand
ug, (b, t) = 0. Theintegral Z canbesplit into two pieces

1 !
Z(w,u) = / ——uyw? — vw? dz +/ —~upw? — vw? dz
o-B 2 b 2

=I(w,u) + Iy(w, u)

Using the approximateform given by the sawvtooth shows that the integral outsidethe shock
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Burgers: Relative Errors in Playback, v=.005

0

Relative Errors in Playback, v=.0025
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FIGURE 3. Burgers’' equation with initial conditions equal to a sine wave: the relatve errors,
ep(t) = |lw||?/]|u’||?, in thehighmodesfor the playbacksolutions Thelowestk. modesof the playback
solution are kept equalto thoseof the referencesolution. The highermodes,k > k., are computedby
solving Burgers’ equatiorbut with zeroinitial conditions As time evolvesthe highermodesarerecovered.
Therelative error decreasesapidly evenfor relatively smallvaluesof k.. The captionshaws the value of
k. for eachcurve andthe percentagef enegy containedn thelargescaleatt = .5.

regionis negative
1
I(w,u)m—/ §Mw2+1/w§ dz .
Q—B

It is moredifficult to estimatetheintegral I (w, u) sinceu, < 0. We canobtainanapproximate
form for » valid in B asfollows. IntegratingBurgers’equationfrom —b to apointz gives

1
VU, = §(u2 —M2)+/

—b

xr
us dx

wherewe have usedu, (—b,t) = 0 andu(—b,t) = M (t). If we assumehattheshockprofile for
u is quasi-stationaryhenu, = O(1) and [, u; dz = O(b) < 1. Whenceto leadingorder, the
approximationi to « is givenby the solutionto

Vi, = %(112 - M?).
This equationcanbe solvedto give the approximatdorm of u throughthe shock
M
i = —Mtanh(=2). (2.10)

2v
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0.8f b

0.4f b

0.2r b

—=— u computed (normalized)

—<— u approx. (normalized)

—o— w computed (normalized)

O T T 1 1

-0.05 -0.04 -0.03 -0.02 -0.01
X

Or

FIGURE 4. Burgers’ equation:A comparisonn the shockregion of the computedsolutionfor u to the
approximatesolutions = —M tanh(Mz/(2v)) for v = .00125. Theerrorw is alsoshavn for k. = 4,
t = 3.. Thefunctionsarenormalizedio have amaximumvalueof 1.

Figure(4) compareshis approximatiorto the actualsolutionandalsoshaws thetypical form of
w within the shockregion.
Considemow theintegral I. Sinceu,,, w? andw? areevenfunctionswe canalsowrite

b
1
Iy(w) = —2/0 §u$w2 + vw? dz.

To obtainanupperboundfor I we useavariationalagumentWe setw(b) = w; anddetermine
the function,w, thatmaximizesIy(w) overall functionsw € C? with boundarydataw(0) = 0
andw(b) = wy. Theusualvariationalapproachtells usthatw will satisfy

Up®D — 2V =0, @(0) =0, @(b) = ws. (2.11)

It is clearthat,asafunctionof w, I (w) will have no minimumsincel, canbe madearbitrarily
largeandnegative by choosingw to bearapidy oscillatingfunction. Thereforew will maximize
Iy(w) if (2.11) hasa uniquesolution,thatis if the homogeneougquationhasonly the trivial
solution.In addition,the maximumvaluefor I, will begivenby

b
Iy(w) = +2/0 w(—%uzu") + Vi) dr — vio,|® , = —2v@(b)w, (b).

Thesolutionof (2.11)canbe obtainedby solvingtheinitial valueproblem
ugW —20W,, =0, W(0) =0, W,(0) =ws = w,(0). (2.12)
If W(b) # 0, then(2.11) hasa uniquesolutionand@w(z) = wi W(z)/W (b). We make the
changeof variables
xM _ u(2vy/M)

- - v ‘7 ! —
v’ Uly) M » W 2vwo

y= W (2vy/M) (ws # 0)
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to give
w,, —U,W' =0, W'(0)=0, W,(0) =1

Using the approximation(2.10) for the shockprofile we seethat W' ~ w wherew satifiesthe
equation

Wyy + (1 —tanh®(y))w =0, @(0) =0, @,(0) = 1. (2.13)
This ODE hasno parametersndfurthermorew,, — 0 exponentiallyfastasy — oco. We can
thususea numericalapproximatiorto determineanaccuratesolutionto this problem.Figure(5)
shavs a numericallycomputedsolutionof (2.13). 1t is calculatedwith the 2nd orderaccurate
scheme

Wnt1 = 2wy, — wp_1 — h%(1 = (tanh(z,))?)w,, n=1,2,...,
Wo = O, w1 = h.
By arefinemenargument(diminishingh) we concludethat
Wy > 0.4, w(y) > 0.4y.

ThereforeW (b) # 0 and(2.11) hasa uniquesolution.Using this computationabrgumentwe
getfor the original variables

vy, b) ~ v (L Oy 5 ) Mg O
2vw, (0) .y M 5 bM

<-v (T)2 2, (04)
= —vb (w,(0))? (0.4)%.

20

Thus

1 a 2 2 2 1 2 2

——||w||* § —vb (w;(0))* (0.4)° — “Mw* 4+ vw, dz .
This lastexpressiorshavsthattheerrorwill decayrapidly whenw, (0, t) is large.As mentioned
above, computationshawv thatw, (0, ¢) is usuallylargewith w transitioningfrom its maximum
valueto its minimumvaluethrougha sharplayerat x = 0 asshawn in figure (2). If w;(0) =

O(J|w||/v) (which appeardo be mostoftenthe caseasobsenedin calculationshen
I(w) < I(w) § —2vb (w5(0))* (04)* = O(|lw|*),

andwe obtainexponentiadecayPeriodicially however, w,, (0, t) becomesmallfor ashorttime.
Whenthis happenshedecayin theerroris notasrapid. This explainstheoscillationsin theerror
curvesof figure (3).

Theargumentpresentedheredoesnotrequirek, to be extremelylarge. Our mainassumption
is that k. is choserlarge enoughsothatthelarge-scaledetermineghe basicform of the shock.
It thusseemglausiblethatthe errorwill decreaseapidly evenfor smallvaluesof k..

2.2. Remarkonthegeneal casefor Burgers’ equation

Conjecture: Why the large-scalemotion can determine small-scalesn Burgers’ equation:
The large-scalemotion determineghe basic structute of the characteristicsand shodks. The
shoksare the fundamentatlissipativestructuesfor Burgers’ equation.Thelarge scalemotion
advectsperturbationstowards the shods whele they are compessedand dissipatedby viscous
effects.

Having consideredhe caseof a single shockwe now discussthe generalsituation. Given
genericinitial conditionsthe solutionto Burgerss equationwill in generaldevelop a number
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dw/dy

FIGURE 5. Calculatedsolutionto the variationalproblem(2.13)usingh = .001. Thetop figure shavs w
andthe bottomfigure shovs w,.

of shocksof differentstrengthsseparatedby smoothregions.If the shockstravel with different
speedshen after a sufficiently long time only the dominantshockwill remainasthe smaller
shocksareabsorbedy thelargershocks Thuswe eventuallyreturnto the caseof asingleshock
thatwasanalysedn the previous section.However, we wantto know whenthe small-scalecan
be reconstructedt earliertimes whenthereare still mary shockspresent.Given someinitial
conditionsonecanpredictwhereandhow mary shockswill appeaty studyingthe character
istics Givenapoint(zg, tp) in spaceandtime, thecharacteristi@ssociatedavith this space-time
pointis thecurve, X (t; xo,t0), generatedy the solutionto the nonlinearordinary differential
equation
dX
X (t; mo,t0) : P u(X,t), X(to) = zo.
If we considetthebehaviour of two nearbycharacteristicbeginningatzo andzq + dz¢ thenthe
equatiorfor thedifferenceXs = X (¢; zo + dxo, to) — X (¢; xo, o) is (for § — 0),
dX(; ou
— = —(X,t) X5, Xs5(to) = zo.
dt 633'( ) ) ds 5( 0) Zo

This equatiorshaws thatthe characteristicsvill locally corvergewheredu/dz < 0 anddiverge
wheredu/0z > 0. Shockswill form wherethe characteristicef nearbypointsarecorverging,
thatis if Ou/0x < 0.

If we wantthe playbacksolutionto generatea shockthatappearsn thefull solutionthenwe
shouldchoosek, largeenoughsothatthe characteristicassociatedvith thelargescale,

dx!
XI(t;mo,to) : 7 = uI(XI,t), XI(t()) = X9-

alsocorverge. This canbe accomplishedf we requirethatin smoothregionsof the flow the
error in Ou/0x — Ou! /dz is small. For a time eachshockwill develop by itself with little
influencefrom distantshocksandthuswe can expectthat the behaiour of anisolatedshock
will be similiar to that previously found for a single shock.The assumptionwe have madeis
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FIGURE 6. Burgers’equation:Two situationswhenthelarge-scalewill notdetermineghe small-scalere
(top) whenthereis no large-scaleand(bottom)whena small-scaldeatureis isolatedfrom thelarge scale.

thattheflow is smoothbetweertheshocksandthatthe characteristicthroughary point (zg, t)
will tracea paththatintersectsa shockthathasbeencreatedy thelarge-scaleErrorslocatedat
(zo, to) will beadvectedalongthe characteristicinto the shockwherethey will bedissipated.

We cannotalwaysexpectthatsmall-scaldeatureswill bereconstructedrom thelarge-scale,
figure (6). Considerthe casewhentheinitial conditions(on theinterval [-1,1]) consistof a high
frequeng oscillation,

u(z,0) = sin(N7z), N>1
Thisinitial conditionwill developinto asetof N shocksandtheFourierexpansiorof thesolution
will never containary frequeny k < N. Whenk, < N thelargescalewill beu!(z,t) = 0 for
all time andwe will neverrecoverthe small-scaléby our reconstructiorprocedureSimiliarly if
we have anisolatedsmallshockthatis far from theinfluenceof the characteristicsf large-scale
shocksthenwe cannotexpectto recoverit.

In summary for a given value of k. andfor generalinitial conditionswe can only expect
to recover the small scalefeaturesthat are coupledto the large scalebut not thosesmall scale
featuresthat uncoupledto the large scale.In physicalspaceon can,losselyspeakingthink of
featuresheingcoupledthroughthe characteristicsin Fourier spaceon canthink of small-scale
and large-scalefeaturesbeing coupledthroughthe nonlinearterm uu, in Burgers’ equation.
Giventhelarge-scald-ouriermodesthis couplingwill constrainthesmall-scalenodes.

2.3. Numericalresultsfor Burgers’ equation

We have solved Burgers’ equationnumericallyusing a pseudo-spectrahethodin spaceanda
fourth-orderRunge-Kuttamethodin time. We computeperiodicsolutionsontheinterval [-1, 1].
We choosea large numberof grid points, N = O(Ju(+,0)|w/v) so that the solutionis well
resolhed. For example,for the solutionscomputedwith v = .0125 we usedN = 2048, and
verified the answersy computingwith N = 1024 and N = 4096. No artificial dissipationis
addedexceptthat a small numberof the highestfrequeng modesare setto zeroat eachtime
step.
We solve Burgers’equationswith initial conditionsconsistingof a sinewave

f(z) = —sin(wz).

Fromthisinitial conditionthe solutiondevelopsinto a singleN-wave, seefigure (2). We define
u, (referencesolution)to be the numericalsolutionto the full equations(2.1a). We definew,,
(playbacksolution)to bethe numericalsolutionto the perturbatiorequationg2.3).w, will bea
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functionof the numberof modes k., thatwe keepin thelarge-scaleThe playbackcomputation
is startedattime ¢t = .5 afterthe shockhasformed.Figure (2) shovs theerrorw = e, — e, at
timet = 3 for v = .00125. Notice how the error consistsof smoothregionsaway from the the
shockpositionz = .5 andalarge spike at the shock,consistentvith our heuristicdescription.
We computetherelative errorin theplaybacksolution,u,, comparedo thereferencesolution
Uy
ep(t) = |lur’ — ul|1?/|luf!||” (relative errorin the playbacksolution)
We alsocomputethe percentagef theenegy thatis containedn thelarge-scale,
[l (-, o) I?
E(ke,to) = ————— x 100%.
(e to) =t wl?
Figure(3) shavstherelative errorsfor differentvaluesof v anddifferentvaluesof k.. Theerrors
areplottedonasemi-logscaleandtheresultsindicatethaton averagee,, (¢t) decaysxponentially
fast.Evenfor smallvaluesof k. therelative errorbecomegjuite small. Althoughnot shawn, the
maximumnorm errorsdecayin a similar way. The errorsshowvn in figure (3) do not decayin
a uniform manner The reasonfor this is explainedin section2.1. More numericalresultsfor
Burgers’equationcanbefoundin thereportHenshav etal. (2001).

3. The Navier—Stokesequations

We now turnto adiscussiorof the Navier-StokesequationsBy takingtheinnerproductof u
with themomenturrequationsindintegratingby partsoneobtainsthefollowing estimateor the
enegy ( valid in two andthree-dimensions)

]. d 2 _ 2
5 g llull” = VIVl 3.1)
In two dimensionsa similar procedurecanbeappliedto the Helmholtzvorticity equatiornto give
%%HfH? = —v||V¢|)? (two-dimensionnly). (3.2)

In addition,in two-dimensionsthe vorticity satisfiesa maximumprinciple,

Theseconditionson ¢ arestronglyrelatedto thefactthatsolutionsto thetwo-dimensionaéqua-
tions are differentin a numberof waysfrom solutionsto the three-dimensionatquationsFor
example,in two-dimensiongVu(-,t)|« is essentiallypoundedby it initial valueandthusthe
eneny, ||u(-,t)||? decaysvery slowly sincethe right-hand-sidenf equation(3.1), v||Vu/||?, re-
mainsO(v) (herewe assumeheequationsrescaledsothatv is justtheinverseof the Reynolds
number) Two-dimensionatomputationshawv thatv||V£||? cangrow to beorder||£||?> whenthe
flow is maximallydissipatve (correspondingo a k=2 powerlaw for theenegy) andthustheen-
strophy ||£]|?, candecayexponentiallyfastresultingin theformationof largecoherenstructures,
seefor exampleMcWilliams (1984)andHenshav etal. (1989).In three-dimensionthevelocity
gradientcangrow, apparentlyto be O(v—'/2), sothatthe enegy will decayrapidly whenthere
aremary dissipatve structuresn theflow. As aresulttherecanremaina finite viscousdissipa-
tion of enegy even asthe viscosity goesto zeroasdiscussedy Orszag(1970)andBatchelor
(1953).Loosely speakingthe vorticity ¢ andenstrophyi|¢||? arethe importantvariablesin 2D
correspondingo velocity u andenegy ||u/|? in 3D.

Thesmall-scaleof theNavier—Stolesequations{u!, p!’}, satisfiesequation(1.4). Theplay-

backsolution{w]’, pl’} satisfiesequation(1.6). By subtractinghesetwo equationst follows
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thatthe errorbetweerthefull solutionandthe playbacksolution,{w, ¢} = {u'f —u/,p'" —
pi'}, satisfies

wi + P [(u-V)w + (w- V)u — (w - V)w] + Vg = vAw. (3.3)
with V - w = 0 andwith initial conditions
w(z,0) = f(x).
We definetherelative errorin the playbacksolutionto be
ot = GO GO 0l
llw' (-, 1)1 w2 (-, )12

As for Burgers’equationwe useenegy estimatego obtaina boundon the cut-off wave num-
ber, k., sothattheabsoluteerrorin the small-scalewill decayto zero.

ProPOSITION 2. Theerror in the small-scalesolutionto the NavierStoles equationswill
decayto zeo providedwe choosethe cut-of wavenumbek,. accoding to

la+K
e (3.4)

for anya > 0, whee K; = 2 for two-dimensionand K; = 3 for three-dimensiondn particu-
lar we havetheresultthat

lw(-,t)[| < e™*lw(-,0)]| .
Here

|Vu| =sup |Vu(-,t)| - (3.5)
>0

Proof:
Theprooffollowsin asimilarfashionto theargumentor Burgers’equation\We take theinner
productof w with equation(3.3) giving

(w,w;) + (w, P [(u- V)w + (w - V)u — (w - V)w] + (w, Vq) = v(w, Aw).
We caneliminatethe projectionP!! sincew = P'/w anduseintegrationby partsto give
s =Nl + (w, (w - V)u) = —v||Vu|]?

Herewe have used(w, (u - V)w) =0, (w, g) = 0 and(w, (w - V)w) = 0. For example

3
(w, (u-V)w) = Z (W, U0 Wy + VYW, + WO Wy,

=1

Y (W 0(w},) + (v, (w},) + (w, 8y (w},))

N =3

=1
3
D (g + vy +ws,w},)

m=1

N =3

=0.
We canestimateheterm(w, (w - V)u) in theabove equatiorusingthe crudebound

|(w, (w - V)u)| < Kq|Vulw|lwl?,
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FIGURE 7. This figureillustratesa mechanisnfor the removal of errorsin the playbacksolutionfor the

Navier-Stokesequationsin certainregions,the large-scalamotionwill locally adwecttheerrorstowardthe

dissipatve structuressuchassheardayers.Thefigure shavs a corverging flow modeledby thelarge-scale
motionu’ = (—Uz, Uy, 0). An analysisshavs thatasthe errorsareadvected,enegy is transformednto

higherfrequencieghatcanbe moreeffectively dampeddy the viscousdissipation.The nonlinearcoupling

betweerthelarge-andsmall-scalenotioncanthusincreasehe effective dissipationof theerror.

where K, = 2 for two-dimensionsand K; = 3 for three-dimensionsSincethe Fourier coefi-
cientsof w arezerofor |k| < k. it followsthat||Vw||*> > k2||w||? andthus

5 7 Iwll* < (Ka| Vel — vE2)[w].

Thereforeby choosingthe cut-off wave numberto be

/ K,
ko > o+ d|Vu|Oo
14

andit follows thattheerrorwill decayexponentiallyfast,

then

lw(-, ) < e=*|lw(-,0)]|-

Unfortunatelytheseestimateslo notindicatethattherelative errorin the small-scaleapproaches
zero.

Computationgresentedn later sectionssuggesthat the estimate(3.4) for the cutoff wave
numberis oftenmuchtoolarge.For example for two-dimensionatomputationsvith v = 2.5 x
10~% and|Vu|. = 1 insteadof k. =~ 900 aspredictedby (3.4) we insteadfind thatk, ~ 16 is
largeenough seefigure (12).
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3.1. Remarks
We cangive a heuristicargumentasto why the errorsmay decaymorerapidly thanpredictedby
theenegy proof. The equatiorfor the errorin the playbacksolution
w; + P [(u-V)w + (w-V)u— (w-V)w]+ Vg=rvAw, (3.6)

is very similar in form to the equationfor the error (2.4b) for Burgers’equation As with Burg-
ers’ equationthe behaiour of the solutionsto the Navier—Stolesare stronglydependenon the
characteristics,

dX
E =U(X,t), X(t()) =Xy.
andthevariationof the characteristics,
dX ou Yo Uy Uz
7‘3 = 5o (X ) Xs(@,t) = | v vy v: | Xs(@,0).

Wy Wy W,

Let A\, m = 1,2, 3 denotethe eigervaluesof the Jacobianmatrix du/dx. The sumof the
eigervaluesis equalto the trace of the Jacobianmatrix which equalszero sincethe flow is
incompressibleConsiderthe real partsof the eigervalues,Re(\,,). If thereal partsarenot all
zerothensincetheir sumis zerowe eitherhave oneeigervaluewith negative real partandtwo
with non-neyative real partor two eigervalueswith negative realpartandonewith non-neyative
real part. If we startfrom smoothinitial conditionsthenwhen Re(A1) < 0 and Re(Az3) >
0 the characteristicwill corverge in the direction of the first eigervectorand diverge in the
directionsof the othertwo. Neglectingthe stretchingterm (£ - V)u, the directional-dewatives
of the vorticity will tendto increasdn thedirectionof thefirst eigervectoranddecreasén the
othertwo. The solutionwill thuslocally attemptto form a shearayer. In the othercasewhen
Re(Ai,2) < 0andRe(A3) > 0 (which canonly happenn threedimensionsthe characteristics
will corvergein two directionsand diverge in the third, while the derivatives of the vorticity
will increasdn two directionsanddecreasén thethird. This correspondso the formationof a
vortex filament.Whentherealpartsof theeigervaluesareall zerothenthecharacteristicaeither
convergenor diverge,if theimaginarypartsarenon-zerahenthis correspondso arotatingflow,
suchasin alargevortex blob.

Therearetwo importantpointsto be madehere.One s that the characteristicswhich are
mainly definedby thethelarge-scalegcauseheformationof thedissipatve structuresvherethe
gradientof vorticity arelarge. The seconds thatthe characteristicsvill oftenadwecttheerrors
in the playbacksolutioninto thesedissipatve structures.

If we want the large-scaleto determinethe formation of the dissipatve structuresghenwe
shouldchoosek. large enoughsothatthe Jacobiarmatrix of the large scale du! /dx is agood
approximationto the Jacobian-matribdu/0x of the full solutionfor thenthe large-scalewill
representhecharacteristicseasonablyvell.

Unlike the shocksthat form in solutionsto Burgers’ equation,which are very stabledissi-
pative structuresthe shearlayersand vortex filamentsare unstableto perturbationsand will
tendto stretchandroll up forming morecomplicatedstructuresandsmallvortex blobs,seeBell
& Marcus(1992)and Safman (1992). Thesefine scalefeaturesare probablyvery effective at
dissipatingenegy. However it is not apparenfrom argumentshasedon characteristicshatthe
internal detailsof theseunstabledissipatve structureswvould be reconstructedn the playback
solution. Surprisinglythe numericalcomputationsshav that mary of thesedetailsare recon-
structed,seethe contourplots of the playbacksolutionin figure (12) for two-dimensionsand
figure (19) for three-dimensiondt is likely thatthe nonlineartermsin the Navier-Stokesequa-
tionswhich couplethe small-scald~ouriermodego the large-scald~ouriermodeshave a strong
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effectin thedissipatve structuresThis effectis hardto quantifybut it is consistentvith our pre-
vious calculationghat shawv perturbationgo the small scaleare quickly dampedseeHenshav
& Kreiss(1991),Browning etal. (1998) andKreiss& Ystrom (1998).

As in the casefor Burgers’ equationtherewill be situationswhenthe large scalewill not
determinghe small-scalesuchasif thereis no large-scaleor if thereareisolatedregionsof the
flow thatareonly weakly connectedo thelargescale.

Conjecture: Why the large scalemotion often determinesthe small scalefor the Navier-
Stokes: Thelarge-scalemodesdeterminethe basic structure of the flow and setsup the dissi-
pative structues. In two-dimensionshe main dissipativestructuesappearto be shearlayers
while in three-dimensionghe dissipativestructures appearto be the highly corvolutedvortex
filamentsand shearlayers, Lesiuer(1990),Chorin (1994).Thelarge scalemotionadvectser-
turbationstowards the dissipativestructues where they are compessedand transformednto
higherfrequenciesvhich canbeeffectivelydissipatedy viscouseffects.

4. Calculations of the two-dimensionalNavier—Stokesequations

In this sectionwe describenumericakesultsfor thetwo-dimensionaNavier-Stokesequations.
We solwve thetwo-dimensionaNavier-Stokesequationdor the third componentf the vorticity,

w = &3,
wt + (u-V)w = vAw
V-u=0

with a pseudo-spectrahethodin spaceand and a fourth-orderpredictorcorrectormethodin
time, seeHenshav etal. (1989)for moredetails.We definethekinetic enegy spectrum& (k) as

Ek)y=5 Y, lakf
k—1/2<|k|<k+1/2
andthus
Ex = ||u|*/(2V) = kat ZE
We alsodefinetheanaveragedvorticity spectrumw(k) deflnedby
Z|l—k|<1/2 (@)
E\l7k|<1/2 1

Theinitial conditionsfor the referencesolution,w, (x, t), arechoserto have randomphaseand
anenegy spectrunof

(k) =

E.(k) = C, k e~ (k/ke)’
wherek, = 3.5 andthe constanCC,. is chosersothatthevorticity hasa maximumof 1,

wr (-5, 0)|0 = 1.

The maximumvalueof the velocity in the referencerun is about0.2, the averagevaluefor the

velocity is aboutuc = 1/10 thusthe corvective time scaleis abouttc = 27/uc ~ 60. We

solve with V grid pointscorrespondingo N/2 FouriermodesWe useN = 256, 512 and1024

for v = 107%, 1075 and2.5 x 10~%, respectiely. Figure8 shavs someresultsfor thereference
computationwith » = 2.5 x 10~6. Noticethatthe enegy is almostconstantandthatthe rateof

dissipationof enstrophyis a maximumatabouttime ¢ = 70.
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ReferenceSolutiony = 2.5 x 10~°

T EEEEX iE
20F X \ E Norms of Reference Solution, v=2.5x10"°
E 12 T T T

0.8F

scaled norm
o
(=)

—o— L,~norm of velocity (scale=.055)

3 _w L_—norm of vorticity (scale=.28)
0.4f 2

log,, w(k)

—=— dissipation rate (scale=.014)

0.2p

- :\ L1 T - N Y VO T S Y T W' T Y il |
B.mﬂ 2 4 ) B 1.0 1.2 14 16 1820 22 24 26 28 3.0 0 L L L
0 50 100 150 200
loglok time

FIGURE 8. Two-dimensionaNavier-Stokes:datafor thereferencesolution.Left: spectrunof thevorticity.

Right: The scaledL»-normof the velocity (o), scaledL.-norm of the vorticity (x) andscaleddissipation
rate/v||Vw|| (O). Thequantitieson theright arescaledto have amaximumof 1. The play-backsolution
beginsattime ¢t = 50. when||Vw|| is nearlya maximum.The enegy only decreaseby .45 percentby

timet = 200.

We definetheplaybad solution w,(x, t; k) = wI{ +w]{1 to besolutionof theequationsvhen
the first k. modesare setequalto thosefrom the referencesolutionfor all time, wlf(w,t) =
wy (2, t), but having zeroinitial conditionsfor the small-scalew/! (x, o) = 0. The small-scale
of the playbacksolutionis computedrom the equationsaanalogougo (1.4).In practicewe solve
for all Fouriermodesbut replace at eachtime step,thelarge-scalenodeswith thosecomputed
from thereferencecalculation.

We definethetruncatedsolutionw, (z, t; k. ) to bethesolutionto thefull equationswith initial
conditionsw! (zx,t0) = wl(zx,t), andwli(x,ty) = 0. Thusthe first k. modesin truncated
solution are given asinitial conditionsbut are NOT assignedover time. We will seethat the
truncatedsolution divergesfrom the referencesolution while the playbacksolution doesnot.
The playbackandtruncateccomputationsverebothstartedatto = 50.

Therelative errorin the playbacksolutionis definedas

_ lwp” = w0l

@) = o

with a similar definition for the relative errorin the truncatedsolution, e (t). We alsocompute
thepercentagef theenstrophythatis containedn thelarge-scale,
llw! ¢, )12
E(ke,t) ERIE x 100%.

In figure (9) we summarizethe two-dimensionaresultsfor errorsin the playbacksolution.
Thefiguresshow therelative errorsfor differentvaluesof the cut-off wave numberk. anddif-
ferentvaluesof v. Theresultsshow thata relatively few numberof modesarerequiredfor the
relative errorto decreaseTheerrordecreasemorerapidly ask, is increasedAs v is decreased
somavhatmoremodesarerequiredto attainthe samerelative error. The bottomright sub-figure
of (9) shows thatthe relative errorsfor differentvaluesof v is roughly correlatedwith the per
centageof vorticity in thelargescale £ (k., t = 150). For £(k.,t = 150) = 80% thetherelative
errorlies betweerb — —15%. Figure(10) shavs correspondingesultsfor thetruncatedsolution
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o Relative Errors in Playback, v=10"* Relative Errors in Playback, v=10""
10 . . 10" . .
107
10°
107
a 2 .
2 i}
g0 5
5 5]
[ o
2 1074 2
< © -2
s ® 10 °f
10°F
107 = 4 modes, 50%
-6 —— 8 modes, 69%
10 "§ —e— 4 modes, 66% 3 —=— 12 modes, 77%
—— 8 modes, 85% —<— 16 modes, 83%
—s— 12 modes, 92% —— 20 modes, 86%
10’7 T L 10’4 T L
50 100 150 200 50 100 150 200
time time
. Relative Errors in Playback, v=2.5x10"° o Relative Errors in Playback at t=150
10 T T 10 T T T T
107F
107t
o™ o2 2
o ~10 ¢
e e
@ [
Qo Q
= =
E 107
107t
—— 8 modes, 64% 10747
—&— 12 modes, 72% o y=10"*
—— 16 modes, 76% e y=1078
—>— 20 modes, 81% V= 6
| 32 modes, 88% N —8— v=2.5x10
10 . . 10 . . . . . .
50 100 150 200 65 70 75 80 85 90 95 100
time % enstrophy in the large-scale at t=150

FIGURE 9. Two-dimensionaNavier-Stokes:therelative errorsin thehighmodesdor theplaybacksolutions
asa function of time anda function of the cut-off wave numberk.. As k. is increasedherelatveserrors
decreaseThe captionsndicatethe percentagef enstrophycontainedn thelarge-scaleatt = 50.

whenthetime history of thelarge scaleis not assignedvertime. In this casethe error quickly
grows.

Althoughe,(t) is agoodquantitatre measuref theerrorwe alsofind it usefulto comparehe
vorticity contoursof the referencesolutionto thoseof the playbacksolution. This picture-norm
measurgivesonea goodindicationof whenthesmallscalefeaturessuchassmallvortices,are
recovered.If asmallvortex is recoveredbut in slightly thewrongpositionthenthe picture-norm
maybesmallwhile therelative errorcanbelarge.Also notethatthe positionof contourlinesare
asensitve measuref a function,especiallywherethefunctionis nearlyflat.

Figures(11-12)showvs someresultscomparingthe contoursof the vorticity for the reference
solution to the play-backsolutionwith k. = 16. In eachfigure we show the the play-back
solutionon the left andthe referencesolutionon the right. Theinitial conditionsfor the play-
backsolutionaretaken from thereferencesolutionattime ¢ = 50. At theinitial time, ¢ = 50,
figure (11) the two solutionsare very different. By time ¢ = 100 (not shavn) the fine scale
featureshave beenrecoveredto a significantdegreeandby ¢t = 200 they agreeto aremarkable
degree.In figure (14) we shav correspondingesultsfor the truncatedsolution.Although some
of thelargescalestructuresanstill beidentifiedthetruncatedsolutionis very differentfrom the
referencesolution.

Figure(13) shavs anotherepresentatioof theerrorsin the playbackandtruncatedsolutions.
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FIGURE 10. Two-dimensionaNavier-Stolkes:the relative errorsin the high modeswhentheinitial condi-
tions aretruncatedo k. modesbut the lowestk. modesare NOT assignecbver time. The errorsinitially
decreasdut thenquickly grow.
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FIGURE 11. Two-dimensionaNavier—Stoles:contoursof thevorticity atthestartingtime for theplay-back
computation Left: play-backsolution, right: referencesolution. The initial conditionsfor the play-back
solutionaresetequalto thelowestk. = 16 modesof thereferencesolutionatt = 50.

Shown arethe spectrum®f therelative errors.While theerrorin the playbacksolutiondecreases
overtimethosein thetruncatedsolutionincreaseastheerrorsin the large-scalequickly grow.

More numericakesultsfor thetwo-dimensionaNavier-Stokesequationganbefoundin Brown-
ing etal. (199&) andHenshav etal. (2001).

5. Calculations of the thr ee-dimensionalNavier—Stokesequations

The three-dimensionahumericalresultswere computedwith a de-aliasedpseudo-spectral
methodthat wasbasedon a codedevelopedby Lundbladhet al. (1992),Hallback (1993)and
Alvelius (1997). The equationsare formulatedin termsof the vorticity andvelocity in a form
wherethepressurés eliminated Theprimarydependentariablesarechoserto bethey—components
of thevorticity andvelocity. Fromthesethex andz componentsf thevelocity andvorticity can
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200.01 nu =0.2500E-05
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Play-backsolutionk. = 16. Referencesolution.

FIGURE 12. Two-dimensionaNavier—Stoles: solutionsat time ¢ = 200. Left: play-backsolution,right:
referencesolution. The play-backsolutionis almostthe sameasthe referencesolution.Mary of the fine
scalefeatureshave beenrecoveredin a pointwisesensenot justin a statisticalsenseTherelative erroris
7%.
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FIGURE 13. Two-dimensionalNavier—Stoles. Left: The relative error in the vorticity spectrumfor the
play-backsolutionwith 16 modesgiven. The errorsdecreas@astime proceedsRight: Therelative errorin
the spectrunwhenthefull equationsresolvedwith initial conditionstruncatedo thefirst 16 modesof the
referencesolution.

be easilyupdatedsincein spectrakpacethe continuity equationandthe definition of the vortic-
ity in termsof the velocity arerepresente@dssimple algebraicrelations.For the discretisation
in time, the non-lineartermsaretreatedexplicitly with a secondorderAdams-Bashforanethod.
The secondorder Crank-Nicholsormethodis usedfor the linear viscousterm. Thereis a vari-
abletime stepfeatureimplementedn the codebut sincewe do comparisondetweendifferent
calculationsat equalsimulationtimes,we usea constantime step.
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LO= —‘11E+01 HI= 0.92E+00 CONTOUR FROM —1 TO .9 BY .1 "
Solutionwhentime-historyis NOT fixed. Referencesolution.

FIGURE 14. Two-dimensionalNavier-Stolkes. Left: The solution to the full Navier-Stokes equationsat
t = 200 whentheinitial conditionsarechosento be thefirst 16 modesof the referencesolutionbut the
time historyis NOT enforcedasa constraintRight: referencesolution. The solutionon theleft hasclearly
changeddramaticallyin comparisorthe play-backsolutionof figure (12)

We considerequalgrid spacingn all directions.Let N = 27 for somej > 0, and
ki € [-N/2+1,N/2], k= (ki, ko, ks)T.

We denotethe smallestscalethatwe canrepresenon thegrid by A% . andwill usetherelation

min
2 =1/kmas = 2/N.

The referencesolutionfor our three-dimensionatomputationsvas obtainedwith a viscos-
ity equalto » = 1/300 and N = 256. We denotethis numericalsolution by u, and &,
for the velocity and vorticity fields respectiely. The initial datafor the referencecalculation
hasrandomphase satisfythe incompressibilityconstraintand hasthe kinetic enegy spectrum
E(k) = Cpk2e(k/k0)* \wherekq ~ 3.4 andC, chosersuchthat Ex (u,(-,0)) = 0.5. In figure
15, the kinetic enengy, rateof dissipationandthe maximum-nornof thevorticity is plottedver
sustimet € [0, 5]. In figure 16 theenegy spectrumat¢ = 0.0,1.0 andat¢ = 1.5,2.5,3.5,4.5,
areplottedrespectiely. We now askif thereferencecalculationis well resohed.Henshav etal.
(1990)have shavn thatthe smallestength-scalef theflow is of theorder

Amin ~ (V/Woo)%- (5.1)

WhereWOo is definedin (3.5). Grid refinementcalculationswere performedby Kreiss &
Ystrom (1998)andit wasconcludedhatthe inverseof theright handsideof (5.1) is actuallya
goodapproximationof how mary modesareneededo resol\e the solutionaccuratelyFor the
referencecalculationwe compute

|Vu| ~ tren[g?g] €, 00 = 47.3,

which gives
T 1
(y/|Vu|oo)2//\?nm ~ 1.07,
andwe concludethatthereferencecalculationis well resohed. For laterreferenceve alsocom-
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FIGURE 15. Resultsfor thereferencesolutionto the three-dimensionalavier—Stolesequationsshaving
(a) thekinetic enegy, Ex, (b) therateof dissipationof enegy: e = v||Vu,|*/V, and(c): the maximum
normof thevorticity, £, |oo-

FIGURE 16. Enegy spectrumE (k) for thereferencesolutionin three-dimensiondeft: solidline ¢ = 0.0,
dashed = 1.0, right: solidlinet = 1.5, dashed = 2.5, dottedt = 3.5, dashed-dottetl = 4.5.

putethe relative kinetic enegy and enstrophycontentsof the large-scaleogetherwith the L,
normof F'!(u!) for thereferencaunfor k. = 8,10, 12, seefigure 17.

As in thetwo-dimensionatasewe definethe playbacksolutionu, = u{, + ui’ with thethe
large-scalemotion setequalto the referencesolutionlarge-scalemotion, u) (z, t) = u'(x,1)
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Energy and relative energy in large—-scale, 3D NS.

Relative enstrophy in the large scale, 3D NS.
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FIGURE 17. Resultsfor the referencesolutionfor computationof the three-dimensionalNavier-Stokes
equationsLeft: relative enegy in thelarge-scaldor differentvaluesof k.. Right: relative enstrophyin the
large scalefor differentvaluesof k..

andthe small-scalecomputedfrom (1.6). The playbacksolutionis startedatt, = 1. andwe
solve for thethreecases. = 8,10, 12.

For comparisongr proof of conceptwe alsomake a calculationfor the Navier—Stolesprob-
lem (1.1)with truncatednitial data

uo(x) = uﬁ(w,to),

wherek,. = 12 andty = 1.0. This numericalsolutionis denotedu.

In figure (18) we show therelative errorin the playbacksolutionsandthetruncatedsolutions.
Theresultsaresimilarto thosefrom thetwo-dimensionatase Therelative errorin the playback
decreasesignificantlyevenwhenarelatively few numberof large-scalanodesarespecifiedIn
contrasttheerrorsin the truncatedsolutionquickly grow.

Figure(19) comparesontoursof €| for theplaybackandreferencesolution.Thecomparisons
aredonein they = y, planesfor which |£,.| attainsits maximum.By time¢ = 3 mary of the
fine scalefeaturesof the solutionhave beenrecoveredin the playbacksolutionswith k, = 12
giving betterresultsthank. = 10.

More numericakesultsfor thethree-dimensiondllavier-Stokesequationsanbefoundin Kreiss
& Ystrom (1998)andHenshav etal. (2001).

6. Summary

We have attemptedo reconstructhe small-scalespatialFourier modesby incorporatingthe
time history of thefirst k. Fourier modes(the large-scale)asknown forcing into the equations
governingthe evolution of the small-scaleWe have investigatedhis procesdor Burgers’equa-
tion in one-dimensiorandfor the incompressibléNavier-Stokesequationsn two andthreedi-
mensionsNumericalcomputationshow thatthe small-scaldeaturescansometimese recon-
structedo asurprisingdegreeof accurag evenfor arelatively few numberof large-scalanodes.
Thereare,however, situationswhenthe small-scalds uncoupledto the large-scaleand cannot
be reconstructedRigorousanalyticalresultspredicta value for k. which is muchlarger than
thosefound numerically We presensomenon-rigorousanalysisto suggestvhy sofew modes
aresometimessufiicient. We arguethatthe characteristicef the large scaleflow causethe for-
mation of the dissipatve structuresshocksfor Burgersequation,shearlayersand vortex fila-
mentsfor the Navier—Stoles.Thecharacteristicalsoadvecterrorsinto thedissipatve structures
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Relative error in the truncated solution, 3D NS.
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FIGURE 18. Three-dimensiondNavier—Stoles. The figure on the left shavs therelative errorin the play-
backsolutionwhenthe cutof wave numberis k. = 8, 10, 12. Therelative erroris [lu;’ —w)'||/|lu."||°.
Thefigureontheright shavs therelative errorsin small-scaleandthelarge-scaldor thetruncatedsolution
whenthe large-scalds not assignedver time. The relative small-scaleerrorin the truncatedsolutionis
[l — wf||?/||ul||? andtherelative errorin thelarge-scalés ||ul — wl||?/|jul|®.

wherethey areremoved by viscouseffects.From anothewiewpoint, the nonlineartermsof the

equationganprovide a strongcouplingbetweerthe small-scaldouriermodesandlarge-scale
Fouriermodessothatwhenthelarge-scalenodesaregivenovertime the small-scalenodesare

constrainedo be consistentvith thelarge-scalenodes.
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