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We considersolutionsto theunforcedincompressibleNavier–Stokesequationsin a �
	 -periodic
box. We split the solutioninto two partsrepresentingthe large-scaleandsmall-scalemotions.
We definethe large-scaleas the sum of the first �
� Fourier modesin eachdirection,and the
small-scaleasthesumof theremainingmodes.We attemptto reconstructthesmall-scaleby in-
corporatingthelarge-scalesolutionasknown forcing into theequationsgoverningtheevolution
of thesmall-scale.We want to find thesmallestvalueof � � for which the time evolution of the
large-scalesetsup thedissipativestructuressothatthesmall-scaleis determinedto a significant
degree.Existingtheorybasedon energy estimatesgivesa pessimisticestimatefor � � that is in-
verselyproportionalto thesmallestlength-scaleof theflow. At thisvalueof � � theenergy in the
small-scaleis exponentiallysmall. In contrast,numericalcalculationsindicatethat � � canoften
be chosenremarkablysmall.We attemptto explain why the time evolution of a relatively few
numberof large-scalemodescanbe usedto reconstructthe small scale-scalemodesin many
situations.We alsoshow thatsimilar behaviour is foundin solutionsto Burgers’equation.

1. Intr oduction
Theproblemwewantto discussis motivatedby weatherprediction.Typically onedividesthe

atmosphericmotionsinto large-scale,mesoscaleandsmall-scalemotions.Their lengthscalesare���
���
km,

�����
km and

���
km respectively. To startanumericalweatherforecastoneneedsinitial

datawhich mustbeprovidedby observations.Unfortunatelytheobservationalnet is too sparse
to obtaininitial datafor themeso-scaleandthesmall-scale.This is a seriousproblem,sincefor
extendedforecastsoneneedsat leastinitial datafor the mesoscales.Being optimistic onecan
arguethattheobservationsdeterminethelarge-scalemotionanddueto modernmeasuringtech-
niquesonecanobserve thetime historyof the large-scale.If the time historyof the large-scale
motiondeterminesthesmallerscales,thenonecanthink of the following processto determine
the missingscalesof the initial data.Assumethatwe want to make a weatherforecaststarting
at time ��� � . To obtainthe correctinitial datawe startat time ��������� andassumethatdue
to observations,we know the time historyof the large-scalebetween��������� � � . Therefore
wecanreplaceatevery timestepthecalculatedlarge-scaleby theobservedlarge-scaleandhope
thatthesmallerscaleshaveadjustedto thecorrectvaluesat �!� � .
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Operationalweatherpredictionmodelsincludemany complicatedphysicalprocessesinclud-
ing the effectsof solarheatingandcloud formation.It would be difficult to quantitively study
the efficacy of incorporatingthe time history of the large-scaleinto this full modeldueto the
many modelingapproximationsmadeanddueto theerrorsmadein measurements.We arethus
led to studythe underlyingsimplified modelsfor Burgers’ equationin one-dimensionandthe
incompressibleNavier–Stokesequationsin two andthreespacedimensions.

Considerthe incompressibleNavier-Stokesequationsfor thevelocity " andkinematicpres-
sure# , "%$'&)(*",+.-0/1"2&3-�#4�6587:9;"=<>5@? � < (1.1a)-A+;"3� � < (1.1b)

with initial conditionsgivenat time � � "=(CBD<E� � /%�F" � (*B%/;< (1.1c)

andwith periodicboundaryconditionson the box with sidesof length �
	 andvolume G . For
everyfixed �IHJ�1� we canexpandthesolutioninto aFourierseries"K(*BD<E�E/%�ML�NPO"Q(CR%<E�E/ES�T NVU W <X#Y(*BI<E�E/Z�6L�N O#[(CR%<E�E/ES�T NVU W'\ (1.2)

Here R)�](C�V^
<_� 9 <_�
`�/Ea is a multi-index with �,�]b RZb[�dc � 9^ &3� 99 &3� 9` . Let � � be a natural
numberrepresentingthewave-numberat which we divide thesolutioninto the largeandsmall
scales.We split " into two parts,"J�)"fef&g"fehe where" e (*BD<E�E/%�Fi e "kjl� Lm N m n�oqp1r ^�s 9 O"K(CR!<��E/tS.T NuU W <" ehe (*BD<E�E/%�Fi ehe "vjl� Lm N m wxoqp1r ^�s 9 O"Q(yR!<��E/tS T NuU W \
We call "Ie��)i e�" thelarge-scaleand "Zehe��zi ehe{" thesmall-scale.Theoperatorsi e and i ehe
areprojectionswith i eI&,i ehe=�)| . Let} " } 9=� } "Q(t+~<E�E/ } 9Q�z����b "K(*BD<E�E/�b 9I�8BD<
denotethe usual � 9 norm. The kinetic energy per unit massandenstrophyper unit massare
denotedby ��� � ��� (*"I/%� ��
G } " } 9 <��v�6��(�"I/%� ��
G }h��} 9 <
respectively andwhere

� �z-��@" is thevorticity.
In three-dimensionswe will choosethewave-number� � in suchaway thatthekinetic energy

of the large-scaleis largecomparedto the kinetic energy of the small scale.In many turbulent
flowsmostof thekineticenergy is containedin thelongwavesand �
� canbechosenrathersmall
independentlyof theviscosity 5 .

We canwrite theNavier–Stokesequationsasa systemfor thelarge-scaleandthesmall-scale
respectively," e$ &2i e�� (E(�" e &g" ehe /Y+.-0/1" e &z(�" e +.-0/1" e_e{� &3-4# e �)587 9 " e &3� e (�" ehe /q< (1.3a)-A+{" e � � < (1.3b)" e_e$ &2i ehe � (�(�" e &," ehe /Y+�-�/t" ehe &z(�" ehe +.-0/1" e � &k-4# ehe �)5�7�9�" ehe &3� ehe (*" e /q< (1.4a)
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where � e (�" ehe /Z���Di e�� (�" ehe +.-0/1" ehe;� <>� e_e (�" e /f���Di ehe�� (�" e +.-0/t" e{� \
Assumeto begin with thatweknow theinitial data" e_e (*BD<�� � /Z�F" ehe� (*B%/q< (1.5)

of the small-scaleandthe time evolution of the large-scale,that is we know " e (*BD<��E/q<I��H��1� .
Thenwe canuse(1.4) and(1.5) to exactly reconstructthesmall-scale.Now assumethatwe do
not know the initial datafor thesmall-scalebut do know "fe asa functionof spaceandtime. If
we solve (1.4) with zeroinitial datathenwe will generatea new approximatesolutionthatwe
call the playback solution, ��"��8<*#��V�4����"Ze� &v"Iehe� <C#�e� &2# ehe� � satisfying ��"Ze� <*# e� �4�A��"Ze
<*# e
�
and¡ $ " ehe� &,i ehe � (E(*" e &J" ehe� /�+�-2/t" � &z(�" e_e� +�-2/1" e � &k-�# ehe� �z5�7 9 " ehe� &3� ehe (*" e /q< (1.6a)-d+;" e_e� � � < (1.6b)" ehe� (*BD<E�1�./Z� � \ (1.6c)

The questionwe want to answeris how large must we choose� � so that the small-scaleis
recoveredatsomefuturetime � . Definetherelativeerrorin thesmall-scalebyS � (��E/%� } "Zehe� (t+~<E�E/��0"feheu(t+~<E�E/ } 9} " ehe (E+¢<��E/ } 9 \

(1.7)

DEFINITION 1. We saythat the large-scaledeterminesthe small-scale, to an accuracyof £ ,
at somefuture time �)�)¤X( � / , if therelativeerror at � is lessthan £ ,S � (*�Q/f¥k£ \

Notethatweconsidertheinitial valueproblemwith no externalforcing andthus¦¢§~¨$*©�ª } "=(E+¢<��E/ } � � \
Our resultsareonly of interestif thesmallscaleis recoveredat a time � beforethesolutionhas
decayedto a pointwhereit behavesessentiallyasa solutionto theheatequation.If theequation
for the small-scalewerelinear anduncoupledto the large-scalethen it would not be possible
for thelarge-scaleto determinethesmall-scale.Thecouplingof thelarge-scaleandsmall-scale
throughthenonlineartermsis thuscritical.

In section2 wefirst examinesolutionsto Burgers’equationto seewhenthesmall-scalecanbe
reconstructedfrom thetime historyof thelarge-scale.Theresultsshow thatevenfor very small
valuesof � � thesmall-scalefeaturesassociatedwith thelarge-scaleshocksarequickly recovered.
Wearguethatthelarge-scaleactsto createthedissipativestructures(shocks)andthaterrorsin the
playbacksolutionarepropagatedinto theshocksalongcharacteristicswherethey areconverted
to high-frequenciesthatcanbe effectively dampedby viscousdissipation.Although in general
the large-scaleappearsto determinemuchof thesmall-scaletherecanof coursebesmall-scale
featuresthatarenot stronglycoupledto thelarge-scaleandthuswill notbereconstructed.

In section3 we considerthe Navier-Stokesequations.We give someheuristicargumentsto
suggestwhenthe time historyof the large-scalemight determinethe small-scale.In sections4
and5 we presentnumericalresultsfor two-dimensionalandthree-dimensionalNavier–Stokes
equations,respectively. Theseresultsshow fairly genericcaseswhenthelarge-scaledoesdeter-
mine thesmall-scaleprovidedthe large-scalecontainsa significantfractionof theenstrophyin
two-dimensionsor energy in three-dimensions.



4 W.D. Henshaw, H.-O. KreissandJ. Ystr̈om

Theapproachwediscusshereis relatedto theprocessof continuousdataassimilation(or four
dimensionaldataassimilation) in meteorology,originallyadvocatedbyCharney etal. (1969)and
Thompson(1969).SeeDaley (1991),chapter12,for aniceoverview. Ourcomputationshereare
in thespirit of thesocalledidenticaltwin experimentwhichavoidstheproblemswith uncertain-
ties in the modelby generatingsyntheticdatadirectly from the model itself, ratherthanusing
measurements,seefor exampleWilliamson & Dickinson (1972)andTalagrand(1981).Typi-
cally this approachassumesthat time dependentdatais availablefor only someof thevariables
(suchasthetemperaturewhich canbemeasuredby satelite)andthenaskswhentheremaining
variablescanberecovered.Analysisof theapproachis oftenfor a linearizedmodelsuchasthe
shallow waterequations.Theeffectsof nonlinearityareoftencharacterizedasmakingtheprob-
lem harder. In contrastour resultsshow how the nonlinearitiescansometimesgive improved
results.

In otherrelatedwork Chorinet al. (1999)studyhow to predictthesolutionto timedependent
PDEswith under-resolvedcomputationsbut whenprior statisticalpropertiesof thesolutionsare
known.

2. Burgersequation
Burgers’equationis a well known modelfor analysingpropertiesof shocksandturbulence,

seefor exampleLesiuer(1990),Tatsumi(1980),andWhitham(1974).It is a simpleequation
thatcombinesnonlinearwave propagationwith diffusion.It modelsmorecomplicatedsystems
in situationswherethesetwo processesare the dominanteffects.We considerthe solutionof
Burgers’equation « $�& « « ¬ �65 « ¬�¬ < (2.1a)

on theinterval ­ � <_��	�® with initial conditions« (�¯[< � /%�)°�(�¯�/ \ (2.1b)

We are interestedin real solutionswhich are ��	 -periodic in ¯ andwe assumethat the initial
conditionsarereasonablysmooth.Althoughtheexactsolutionto Burgers’equationcanbede-
terminedfrom theCole-Hopftransformation,seefor exampleWhitham(1974),wewill only use
argumentsbasedon energy estimatesandthemethodof characteristics.

We shall give a proof basedon energy estimatesto show that somenumberof large-scale
modesof Burgers’ equationdeterminethe small-scalemodes.The ideaof the proof is due to
Constantin,Foias& Temam(1984)andvariantsof it have beenusedby severalauthors,for ex-
ampleFoias& Temam(1984);Constantin,Foias,Manley & Temam(1985);Foias& Titi (1984);
Jones& Titi (1993);Constantin,Doering& Titi (1996).Unfortunatelytheenergy estimatespre-
dict that thenumberof large-scalemodesneededis of theorder � � ��¤X(_b °!b ª�±�58/ . In this case
theremainingsmallscalemodesareexponentiallysmall,Lm o�m ²�oqptr ^Es 9 b O« (C��<��E/{b 9��k³µ´
¶�· oqp <
where ³ and ¸0? � aresomeconstants.From our numericalcomputationswe know that this
estimatefor �u� is, in general,muchtoo pessimistic;we shall presentsomeargumentsso show
why �
� canoftenbechosenmuchsmaller(perhapsindependentlyof 5 ).

Wewill seebelow thatquestionof whetherthelarge-scaledeterminesthesmall-scaleis related
to thequestionof whetherperturbationsin thesmall-scalearerapidly damped.For intermediate
smallscalemodeswith wave-number� where�u��¥F�X¹º5 ¶ ^�s 9 thediffusiontermwill havelittle
effect in dampingperturbationsoveran ¤X( � / time interval.However, dueto its nonlinearnature,
Burgers’ equationsetsup dissipative structuresthat areeffective at dampingtheseintermedi-
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atewave numbers.We will arguethat the large-scalemodessetup the shocks(the dissipative
structures)andalsoconvectperturbationsinto theshockregionswherethey arecompressedand
dissipatedby viscosity.

We proceedby decomposingthe solution into the low and high frequency Fourier modes,« � « e�& « ehe . We considerthesituationwhenthe large-scale

« e�(�¯[<E�E/ is known for �KH � . Leti ehe denotetheoperatorthatprojectsa functionontothesmall-scale,« e_e �Fi ehe « \
By substituting

« � « eD& « ehe into (2.1a,2.1b) andapplyingtheprojectioni ehe to theresultwe
obtainanequationfor thesmall-scale

« ehe asa functionof thelarge-scale

« e ,« ehe$ &,i ehe ­ « e « e_e¬ & « e¬ « e_e & « ehe « e_e¬ ®��65 « e_e¬�¬ &,i ehe{» ( « e /q< (2.2a)

with initial conditions « e_e (�¯[< � /f�)° ehe (*¯ /;< (2.2b)

andwhere» ( « e�/ is definedby » ( « e /%��� « e$ � « e « e¬ &J5 « e¬�¬ \ (2.2c)

We comparethe solutionof (2.2) with the solutionto the sameequationsbut with zero initial
conditions,(in otherwordswe perturbtheinitial conditionsin thesmall-scalemodesby setting
themto zero),¡ $ « ehe� &,i ehe ­ « e ¡ ¬ « ehe� & ¡ ¬ « e « ehe� & « ehe� ¡ ¬ « e_e� ®��65 ¡ 9¬ « e_e� &2i ehe » ( « e /;< (2.3a)

with initial conditions « ehe� (�¯[< � /Z� � \ (2.3b)

Wecall

« � � « e�& « ehe� theplaybacksolutionandareinterestedin knowingwhether

« ehe� converges
to

« e_e by sometime � , where �¼�º¤X( � / . Note that sincethe solution convergesto zeroat�=½¿¾ ,

« ehe=� « ehe� will go to zeroeventually. We arenot, however, interestedin this long time
behaviour. Theerrorin thesmall-scale,À6� « ehe�� « ehe� , satisfiesÀ $ &,i ehe ­ « e À ¬ & « e¬ À3& �� (�( « ehe & « ehe� /tÀQ/ ¬ ®��65VÀ ¬�¬ < (2.4a)

obtainedby subtracting(2.3a)from (2.2a).ThisequationcanalsobewrittenasÀD$�&2i ehe ­~( « ÀQ/ ¬ � �� (�À=9./ ¬ ®��65VÀ ¬�¬ \ (2.4b)

Theinitial conditionsfor À are À (�¯[< � /f�z° ehe (�¯ /f� « e_e (�¯[< � / \ (2.4c)

We areinterestedin showing that thereexists a time �Á��¤X( � / whenthe relative error in the
playbacksolutionbecomessmall.We definetherelativeerrorin theplaybacksolutionasS{�8(��E/Z� } « ehe�(E+¢<��E/�� « ehe� (E+¢<��E/ } 9} « ehe (t+~<E�E/ } 9 � } À (t+~<E�E/ } 9} « ehe (t+~<E�E/ } 9 \
We divide by the energy in the small-scaleof the referencesolutionto accountfor the overall
decayof thesolution.

Wefirst show thatby choosing� � sufficiently largetheabsoluteerrorwill decayexponentially
fastto zero.

PROPOSITION 1. Theerror in theplayback solution, "�� will go to zero providedwechoose
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thecut-off wavenumber� � according to� � ?�Â Ã & b « ¬ b ª��5 \
for any Ã ? � . In particular wehavetheresultthat} À } �3´ ¶�Ä8Å $ ¶ $�Æ�Ç } « e_e (t+~<E� � / } \
Here b «�¬ b ª ��È�É8Ê$ ² $�Æ b «�¬ (E+¢<��E/{b ª \
Thetime � � H � hasbeenintroducedsince b « ¬ (t+~< � /�b ª couldbeinfinite.

Proof:
Takingtheinnerproductof À with (2.4b) gives,(*À�<EÀD$�/[&)(*À�<ti ehe ­¢( « ÀQ/ ¬ � �� (�À 9 / ¬ ®�/%�z5x(*À�<EÀ ¬�¬ / (2.5)

In orderto useintegrationby partsto simplify this expressionwe needto treatthesecondterm
which containstheoperatori ehe . UsingParseval’s equationit follows that i ehe is a self-adjoint
operatorsincefor any two sufficiently smoothfunctions ° and Ë(C° <Ei e_e Ë8/%�z�
	¼Lm o�m wxoqp O°'Ìo OË o ��(Íi ehe ° <EË�/ \
Now sinceÀz�Fi e_e�À it follows that(�À <ti ehe ­~( « ÀQ/ ¬ � �� (�À=9./ ¬ ®Í/f��(Íi ehe À�<�­~( « ÀQ/ ¬ � �� (�À=9./ ¬ ®�/%��(*À�<�­~( « ÀQ/ ¬ � �� (�À=9./ ¬ ®Í/ \
Whenceequation(2.5)canbewrittenwithout theprojection(*À�<EÀD$�/'&z(�À <�( « ÀQ/ ¬ � �� (�ÀQ9�/ ¬ /%�65x(�À�<�À ¬�¬ / \
Integrationby partsgives �� ¡¡ � } À } 9 ��� �� (�À�< « ¬ ÀQ/��,5 } À ¬ } 9 \ (2.6)

wherewe have used (�À�<�(�À 9 / ¬ /�� � and (�À�<�( « ÀQ/ ¬ /Î� ^9 (�À�< « ¬ ÀQ/ . Equation(2.6) indicates
how theenergy in theerrordecaysover time.

Thefirst termontheright-hand-sidecanbeestimated,for �DHJ� � , with thebound bÏ(*À�< «�¬ ÀQ/{b8�b «�¬ b ª } À } 9 . Sincethe first � � Fourier modesof À arezero it follows that
} À ¬ } 9 ?Ð� 9� } À } 9 .

Therefore �� ¡¡ � } À } 9��M( �� b « ¬ b ª��25���9� / } À } 9 \
If we choose �u��? Â Ã & b «�¬ b ª��5 \

(2.7)

then �� ¡¡ � } À } 9 �M� Ã } À } 9
for �IHJ� � andtherefore

} À (t+~<E�E/ } will decayexponentiallyfastto zero,} À (t+~<E�E/ } �J´{Ñ�Ê�(t� Ã (����0� � /E/ } À (E+¢<�� � / } \
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FIGURE 1. Thisfigureillustratesaconjecturedmechanismfor thepartialremoval of errorsin theplayback
solutionfor Burgers’equation.Errorsin smoothregionsof theflow areadvectedto theshockwherethey
are compressedand dampedby the viscousdissipation.The nonlinearcoupling betweenthe large- and
small-scalemotioncanthusincreasetheeffective dissipationof theerror.

This completestheproof Ò
Unfortunatelythebound(2.7) is quitepessimisticandis a resultof usingthecrudeestimates

for the termson the right-hand-sideof equation(2.6). To seehow bad this boundis we can
estimatethe sizeof b « ¬ b ª as follows. Considera solution to Burgers’ equationwith a shock
wherethesolutionvariesfrom thestate

« Ó
on theleft to thestate

«�Ô
on theright. We definethe

shockstrengthto be the positive number Õ�� « Ô � «�Ó . Dimensionalanalysisshows that the
width of theviscousshockprofile is order 5�±�Õ andthusb « ¬ b ª �3³ Õ 95 < (2.8)

for someconstantK. Therefore,from (2.8)and(2.7),weobtaintheestimatethatthecut-off wave
numbershouldbeat least �u�Q�Ö¤X(CÕ�±�5�/ in orderthat the large-scaledeterminethesmall-scale.
Numericalresultsstronglysuggestthatthis estimateis usuallymuchtoo large.

We shallnow outlinesomeargumentsthatsuggestwhy in practicewe canoftenchoose� � to
bemuchsmallerthan ¤X(yÕ�±
5�/ .

2.1. Burgers’ equationwith a singleshock

We first considera specificexampleof reconstructingthesmall-scalefor a singleperiodicsaw-
toothshock.Figure(2) shows thesolutionto Burgers’equationon the interval ���×­¢� � < � ® for
initial conditionsequalto a sinewave. Startingat time ��� \ÙØ whenthe shockhasformedwe
thencomputetheplaybacksolutionby our reconstructionprocedure.Theerrorsin theplayback
solutionareshown in figures(2-3).Seethediscussionin section(2.3)for furtherdetails.

Thefull solutioncanbeapproximatedby sawtoothshockwhich is of theform« (*¯�<��E/ZÚÜÛÁÝ (��E/f(�¯X& � / for � � �J¯µ¥6�=ÞÝ (��E/f(�¯�� � / for Þ=¥3¯µ¥ � (2.9)

Here Ý �ßÕ�±��F? �
and Þµ�ß¤X(C5�± Ý />¹ �

is the approximatewidth of the shock.From
figure(2) it canbeseenthat theerror in thesmallscale,À , at time �=��à is smoothaway from
the shock.At the shockthereis a sharplayer where À transitionsfrom its maximumvalueto
minimumvalue.An examinationof theerrorover time indicatesthat À is alwayssmoothaway
from theshockandusuallyhasa sharplayerat ¯á� � . It appearsthat theshockregion actsasa
sink for theerrorswhichareadvectedinto theshockanddissipated.
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FIGURE 2. Burgers’equation:on thetop left is thesolutionover time for aninitial conditionconsistingof
a sinewave.On thetop right is theerror in theplaybacksolutionat â%ãkä whenassigningå.æIãkç modes.
On thebottomis thenormalizederrorover time for å.æ%ãgç ; theerroris normalizedto have a maximumofè

at eachfixedtime.Theerroris smoothaway from theshockandusuallylargestneartheshock.

Considertheenergy estimatefor theerror, equation(2.6),�� ¡¡ � } À } 9=��� �� (*À�< «�¬ ÀQ/!�,5 } À ¬ } 9éJê (*À�< « / \
Wewishto show thattheright handsideto thisexpressionwill belessthanzero.Split theinterval�Ü�]­¢� � < � ® into the region ë]�d­Ï�=Þ.<hÞ_® nearthe shockwhere

« ¬ � � andthe region �)�3ë
where

« ¬ H � . Here ÞQ��¤X(y5�± Ý / is thepoint neartheshockwhereu reachesa maximumand« ¬ (yì�Þ.<��E/!� � . Theintegral ê canbesplit into two piecesê (*À�< « /Z� ��í ¶�î � �� « ¬ À 9 �25VÀ 9¬Kï ¯X& �3ð¶ ð �
�� « ¬ À 9 �25�À 9¬Kï ¯�)|�(*À�< « /[&J| ð (�À�< « /

Using the approximateform given by the sawtooth shows that the integral outsidethe shock
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FIGURE 3. Burgers’ equation with initial conditions equal to a sine wave: the relative errors,ñ_ò
ó âtô'ãFõ�öQõ �q÷ õ�ø�ùtù�õ � , in thehighmodesfor theplaybacksolutions.Thelowest å.æ modesof theplayback
solutionarekept equalto thoseof the referencesolution.The highermodes,ågúÖå æ , arecomputedby
solvingBurgers’equationbut with zeroinitial conditions.As timeevolvesthehighermodesarerecovered.
Therelative errordecreasesrapidly evenfor relatively smallvaluesof å æ . Thecaptionshows thevalueofå.æ for eachcurve andthepercentageof energy containedin thelargescaleat â�ãkû ü .
region is negative | (�À < « /%Ú�� � í ¶ î �� Ý À 9 &J5�À 9¬ ï ¯ \
It is moredifficult to estimatetheintegral | ð (�À < « / since

« ¬ � � . We canobtainanapproximate
form for

«
valid in B asfollows.IntegratingBurgers’equationfrom �=Þ to apoint ¯ gives5 « ¬ � �� ( « 9D� Ý 9�/�&k�

¬
¶ ð
« $ ï ¯

wherewehaveused

« ¬ (t�=Þ�<E�E/%� � and

« (t�=Þ.<��E/%� Ý (*�E/ . If weassumethattheshockprofilefor«
is quasi-stationarythen

« $ �M¤X( � / and ý ¬¶ ð « $ ï ¯��M¤X(CÞ{/f¹ �
. Whence,to leadingorder, the

approximationþ« to

«
is givenby thesolutionto5!þ« ¬ � �� ({þ« 9�� Ý 9�/ \

This equationcanbesolvedto give theapproximateform of

«
throughtheshockþ« ��� ÝAÿ�� ��� ( Ý ¯��5 / \ (2.10)
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FIGURE 4. Burgers’ equation:A comparisonin the shockregion of the computedsolution for ø to the
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����� ó ��� ÷ ó���� ô1ô for � ã�û ��� è � ü . Theerror ö is alsoshown for å æ ãvç ,â�ã,ä
û . Thefunctionsarenormalizedto have a maximumvalueof 1.

Figure(4) comparesthisapproximationto theactualsolutionandalsoshows thetypical form ofÀ within theshockregion.
Considernow theintegral | ð . Since

«�¬
, À 9 and À 9¬ areevenfunctionswecanalsowrite| ð (*ÀQ/Z���=�Z� ð� �� «�¬ À=9I&35VÀ=9¬ ï ¯ \

To obtainanupperboundfor | ð weuseavariationalargument.Weset À (CÞ{/%�FÀ=^ anddetermine
thefunction, �À , thatmaximizes| ð (��f/ overall functions À���� 9 with boundarydata À ( � /�� �
and À (yÞ;/Z�vÀ=^ \ Theusualvariationalapproachtellsusthat �À will satisfy«�¬ �ÀF�,��5 �À ¬�¬ � � < �À ( � /Z� � < �À (CÞ;/f�vÀ=^ \ (2.11)

It is clearthat,asa functionof À , | ð (�ÀK/ will haveno minimumsince | ð canbemadearbitrarily
largeandnegativeby choosingÀ to bearapidyoscillatingfunction.Therefore �À will maximize| ð (�ÀQ/ if (2.11)hasa uniquesolution,that is if the homogeneousequationhasonly the trivial
solution.In addition,themaximumvaluefor | ð will begivenby| ð (!�À�/%�6&��f� ð� �À:(t� �� «�¬ �À3&35"�À ¬�¬ / ï ¯��,5 �À#�À ¬ b ð ¶ ð ���=��5$�À (yÞ;/%�À ¬ (CÞ;/ \
Thesolutionof (2.11)canbeobtainedby solvingtheinitial valueproblem« ¬'& �,��5 &�¬�¬ � � < & ( � /%� � < &µ¬ ( � /Z�vÀ 9 �)À ¬ ( � / \ (2.12)

If

& (CÞ;/)(� � < then (2.11) hasa uniquesolutionand �À (*¯ /��dÀ=^ & (�¯ /_± & (yÞ;/ \ We make the
changeof variables* � ¯ Ý�
5 <,+X( * /%� « (y��5 * ± Ý /Ý < &.- � Ý�
5VÀ 9 & (y��5 * ± Ý /µ(*À 9 (� � /
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to give &.-/�/ �0+ / &.- � � < &.- ( � /%� � < &.-/ ( � /%� � \
Using theapproximation(2.10) for theshockprofile we seethat

& - Ú21À where 1À satifiesthe
equation 1À /�/ &z( � � ÿ3� ��� 9 ( * /E/41ÀM� � < 1À ( � /Z� � < 1À / ( � /%� � \ (2.13)

This ODE hasno parametersandfurthermore, 1À /5/ ½ �
exponentiallyfastas * ½ ¾ . We can

thususeanumericalapproximationto determineanaccuratesolutionto thisproblem.Figure(5)
shows a numericallycomputedsolutionof (2.13). It is calculatedwith the 2nd orderaccurate
scheme À76 r ^=�z�
À86��0À86 ¶ ^I�)9�9u( � �v( ÿ�� ��� (�¯!6�/E/t9./1À76x<;:á� � <_��< \{\�\ <À � � � < À=^��<9 \
By a refinementargument(diminishing 9 ) weconcludethat1À / H � \ = <>1À�( * /IH � \ = * \
Therefore

& (CÞ;/?(� � and(2.11)hasa uniquesolution.Using this computationalargumentwe
getfor theoriginal variables�=5 �À:(CÞ;/%�À ¬ (CÞ;/fÚ��=5�( ��5VÀ ¬ ( � /Ý / 9 1À ( Þ Ý�
5 / Ý ��5 1À / ( Þ Ý�
5 /�z�=5�( ��5VÀ ¬ ( � /Ý /t9 Ý �
5 ( � \ = /t9 Þ Ý�
5���=58Þ=(�À ¬ ( � /E/E9Q( � \ = /E9 \
Thus �� ¡¡ � } À } 9A@ �=58Þ�(�À ¬ ( � /�/ 9 ( � \ = / 9 �g� í ¶�î �� Ý À 9 &35VÀ 9¬ ï ¯ \
This lastexpressionshowsthattheerrorwill decayrapidlywhen À ¬ ( � <E�E/ is large.As mentioned
above,computationsshow that À ¬ ( � <E�E/ is usuallylargewith À transitioningfrom its maximum
valueto its minimumvaluethrougha sharplayerat ¯J� � asshown in figure (2). If À ¬ ( � /��¤X( } À } ±�58/ (whichappearsto bemostoftenthecaseasobservedin calculations)then| ð (�ÀK/D�k| ð (!�ÀK/ @ �=��58Þ�(�À ¬ ( � /E/E9Q( � \ = /E9=�z¤X( } À } 9�/;<
andweobtainexponentialdecay. Periodicially, however, À ¬ ( � <E�E/ becomessmallfor ashorttime.
Whenthishappensthedecayin theerroris notasrapid.Thisexplainstheoscillationsin theerror
curvesof figure(3).

Theargumentpresentedheredoesnot require � � to beextremelylarge.Our mainassumption
is that � � is chosenlargeenoughsothat the large-scaledeterminesthebasicform of theshock.
It thusseemsplausiblethattheerrorwill decreaserapidlyevenfor smallvaluesof � � .

2.2. Remarkson thegeneral casefor Burgers’ equation

Conjecture: Why the large-scalemotion can determine small-scalesin Burgers’ equation:
The large-scalemotion determinesthe basic structure of the characteristicsand shocks. The
shocksare thefundamentaldissipativestructuresfor Burgers’ equation.Thelarge scalemotion
advectsperturbationstowardstheshockswhere they are compressedanddissipatedby viscous
effects.

Having consideredthe caseof a single shockwe now discussthe generalsituation.Given
genericinitial conditionsthe solution to Burgers’s equationwill in generaldevelop a number
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FIGURE 5. Calculatedsolutionto thevariationalproblem(2.13)using B ãkû �C� è . Thetopfigureshows Dö
andthebottomfigureshows DöFE .

of shocksof differentstrengthsseparatedby smoothregions.If theshockstravel with different
speedsthenafter a sufficiently long time only the dominantshockwill remainas the smaller
shocksareabsorbedby thelargershocks.Thusweeventuallyreturnto thecaseof asingleshock
thatwasanalysedin theprevioussection.However, we want to know whenthesmall-scalecan
be reconstructedat earlier timeswhentherearestill many shockspresent.Given someinitial
conditionsonecanpredictwhereandhow many shockswill appearby studyingthecharacter-
istics. Givena point (�¯��
<��1��/ in spaceandtime, thecharacteristicassociatedwith this space-time
point is thecurve, G3(��IH%¯ � <E� � / , generatedby thesolutionto thenonlinearordinarydifferential
equation G3(��IH�¯ � <�� � /dj ï Gï � � « (JGá<��E/q<�GJ(�� � /%�F¯ � \
If weconsiderthebehaviour of two nearbycharacteristicsbeginningat ¯ � and ¯ � &µ¸.¯ � thenthe
equationfor thedifferenceG · �KG3(��IH�¯ � &J¸.¯ � <E� � /!�LGJ(*�IH�¯ � <�� � / is (for ¸�½ �

),ï G ·ï � � ¡ «¡ ¯ (JGµ<E�E/MG · <NG · (*� � /%�F¯ � \
Thisequationshows thatthecharacteristicswill locally convergewhere

¡ « ± ¡ ¯�¥ � anddiverge
where

¡ « ± ¡ ¯�? � . Shockswill form wherethecharacteristicsof nearbypointsareconverging,
thatis if

¡ « ± ¡ ¯�¥ � .
If we wanttheplaybacksolutionto generatea shockthatappearsin thefull solutionthenwe

shouldchoose� � largeenoughsothatthecharacteristicsassociatedwith thelargescale,

G e (��IHE¯ � <�� � /dj ï Gµeï � � « e (JG e <E�E/;<OG e (*� � /%�)¯ � \
alsoconverge.This canbe accomplishedif we requirethat in smoothregionsof the flow the
error in

¡ « ± ¡ ¯0� ¡ « e ± ¡ ¯ is small. For a time eachshockwill develop by itself with little
influencefrom distantshocksand thuswe canexpect that the behaviour of an isolatedshock
will be similiar to that previously found for a singleshock.The assumptionwe have madeis
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FIGURE 6. Burgers’equation:Two situationswhenthelarge-scalewill notdeterminethesmall-scaleare
(top)whenthereis no large-scaleand(bottom)whena small-scalefeatureis isolatedfrom thelargescale.

thattheflow is smoothbetweentheshocksandthatthecharacteristicsthroughany point (�¯ � <�� � /
will traceapaththatintersectsashockthathasbeencreatedby thelarge-scale.Errorslocatedat(�¯ � <�� � / will beadvectedalongthecharacteristicsinto theshockwherethey will bedissipated.

We cannotalwaysexpectthatsmall-scalefeatureswill bereconstructedfrom thelarge-scale,
figure(6). Considerthecasewhentheinitial conditions(on theinterval [-1,1]) consistof a high
frequency oscillation, « (�¯[< � /%�zÈ § � (QP>	x¯ /;<RPTS �
Thisinitial conditionwill developinto asetof P shocksandtheFourierexpansionof thesolution
will nevercontainany frequency �>¥UP . When � � ¥UP thelargescalewill be

« e (�¯[<E�E/D� � for
all time andwe will never recover thesmall-scaleby our reconstructionprocedure.Similiarly if
wehaveanisolatedsmallshockthatis far from theinfluenceof thecharacteristicsof large-scale
shocksthenwecannotexpectto recover it.

In summary, for a given value of � � and for generalinitial conditionswe can only expect
to recover the small scalefeaturesthat arecoupledto the large scalebut not thosesmall scale
featuresthat uncoupledto the large scale.In physicalspaceon can,losselyspeaking,think of
featuresbeingcoupledthroughthecharacteristics.In Fourierspaceon canthink of small-scale
and large-scalefeaturesbeing coupledthroughthe nonlinearterm

« « ¬
in Burgers’ equation.

Giventhelarge-scaleFouriermodesthis couplingwill constrainthesmall-scalemodes.

2.3. Numericalresultsfor Burgers’ equation

We have solved Burgers’ equationnumericallyusinga pseudo-spectralmethodin spaceanda
fourth-orderRunge-Kuttamethodin time.Wecomputeperiodicsolutionsontheinterval ­¢� � < � ® .
We choosea large numberof grid points, P �º¤X(�b « (E+¢< � /�b ª ±�58/ so that the solution is well
resolved. For example,for the solutionscomputedwith 5)� \ ��� � Ø we used P � � � =�V , and
verified the answersby computingwith P � ��� � = and P � = �XW'Y . No artificial dissipationis
addedexceptthat a small numberof the highestfrequency modesareset to zeroat eachtime
step.

We solveBurgers’equationswith initial conditionsconsistingof a sinewave°�(�¯�/Z���>È § � (*	x¯ / \
Fromthis initial conditionthesolutiondevelopsinto a singleN-wave,seefigure(2). We define«[Z

(referencesolution)to be the numericalsolutionto the full equations(2.1a). We define

« �
(playbacksolution)to bethenumericalsolutionto theperturbationequations(2.3).

« � will bea
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functionof thenumberof modes,� � , thatwe keepin thelarge-scale.Theplaybackcomputation
is startedat time �=� \ÙØ after theshockhasformed.Figure(2) shows theerror ÀÜ��S Z �gS{� at
time ����à for 5>� \ �
�8� � Ø . Noticehow theerrorconsistsof smoothregionsaway from thethe
shockposition ¯�� \ÙØ anda largespikeat theshock,consistentwith our heuristicdescription.

Wecomputetherelativeerrorin theplaybacksolution,

« � , comparedto thereferencesolution«[Z
: S{��(*�E/%� } « eheZ � « ehe� } 9�± } « eheZ } 9 (relativeerrorin theplaybacksolution)

\
We alsocomputethepercentageof theenergy thatis containedin thelarge-scale,\ (y� � <�� � /%� } « e�(E+¢<�� � / } 9} « (t+~<E�1��/ } 9 � ���
��] \
Figure(3) showstherelativeerrorsfor differentvaluesof 5 anddifferentvaluesof � � . Theerrors
areplottedonasemi-logscaleandtheresultsindicatethatonaverageS � (��E/ decaysexponentially
fast.Evenfor smallvaluesof �u� therelativeerrorbecomesquitesmall.Althoughnotshown, the
maximumnorm errorsdecayin a similar way. The errorsshown in figure (3) do not decayin
a uniform manner. The reasonfor this is explainedin section2.1. More numericalresultsfor
Burgers’equationcanbefoundin thereportHenshaw et al. (2001).

3. The Navier–Stokesequations
We now turn to a discussionof theNavier-Stokesequations.By takingtheinnerproductof "

with themomentumequationsandintegratingby partsoneobtainsthefollowing estimatefor the
energy ( valid in two andthree-dimensions)�� ïï � } " } 9 ���=5 } -µ" } 9 \ (3.1)

In two dimensionsasimilarprocedurecanbeappliedto theHelmholtzvorticity equationto give�� ïï � }5^�} 9����=5 } - ^�} 9 (two-dimensionsonly)

\
(3.2)

In addition,in two-dimensions,thevorticity satisfiesamaximumprinciple,b ^ (t+~<E�E/{b ªÐ�Mb ^ (t+~< � /{b ª \
Theseconditionson

^
arestronglyrelatedto thefactthatsolutionsto thetwo-dimensionalequa-

tions aredifferentin a numberof waysfrom solutionsto the three-dimensionalequations.For
example,in two-dimensionsb -�"=(t+~<E�E/�b ª is essentiallyboundedby it initial valueandthusthe
energy,

} "=(E+¢<��E/ } 9 decaysvery slowly sincethe right-hand-sideof equation(3.1), 5 } -µ" } 9 , re-
mains¤X(y58/ (hereweassumetheequationsarescaledsothat 5 is just theinverseof theReynolds
number).Two-dimensionalcomputationsshow that 5 } - ^�} 9 cangrow to beorder

}I^�} 9 whenthe
flow is maximallydissipative(correspondingto a � ¶ ` powerlaw for theenergy) andthustheen-
strophy,

}I^�} 9 , candecayexponentiallyfastresultingin theformationof largecoherentstructures,
seefor exampleMcWilliams (1984)andHenshaw etal. (1989).In three-dimensionsthevelocity
gradientscangrow, apparentlyto be ¤X(C5 ¶ ^�s 9 / , sothattheenergy will decayrapidlywhenthere
aremany dissipative structuresin theflow. As a resulttherecanremaina finite viscousdissipa-
tion of energy even asthe viscositygoesto zeroasdiscussedby Orszag(1970)andBatchelor
(1953).Looselyspeakingthe vorticity

^
andenstrophy

}5^�} 9 arethe importantvariablesin 2D
correspondingto velocity " andenergy

} " } 9 in 3D.
Thesmall-scaleof theNavier–Stokesequations,��"Zehe
<C#�ehe�� , satisfiesequation(1.4).Theplay-

backsolution ��"Zehe� <*# e_e� � satisfiesequation(1.6).By subtractingthesetwo equationsit follows
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that theerrorbetweenthefull solutionandtheplaybacksolution, �C_á<a`u������"fe_eQ�2"Zehe� <C#�eheQ�#�ehe� � , satisfies _4$�&,i e_e ­¢(*",+.-0/b_�&z(J_ +�-0/1"g�v(J_ +�-2/c_�®V&k-�`��)5�de_ \ (3.3)

with -A+5_Ð� � andwith initial conditions_µ(*BD< � /%�gf ehe (CB%/ \
We definetherelativeerrorin theplaybacksolutionto beS � (*�E/Z� } "Zehe
(E+¢<��E/��0"Zehe� (E+¢<��E/ } 9} " ehe (t+~<E�E/ } 9 � } _µ(E+¢<��E/ } 9} " ehe (E+¢<��E/ } 9 \
As for Burgers’equationwe useenergy estimatesto obtainaboundon thecut-off wavenum-

ber, � � , sothattheabsoluteerrorin thesmall-scalewill decayto zero.

PROPOSITION 2. Theerror in the small-scalesolution to the Navier-Stokesequationswill
decayto zero providedwechoosethecut-off wavenumber�u� according to�
��? Â Ã &J³ih b -�"Qb ª5 \

(3.4)

for any Ã ? � , where ³ihQ�6� for two-dimensionsand ³?hQ�zà for three-dimensions.In particu-
lar wehavetheresultthat } _µ(t+~<E�E/ } �J´
¶xÄ $ } _á(t+~< � / } \
Here b -µ"Kb ª �zÈ�É8Ê$ ² � b -µ"K(t+~<E�E/{b ª \ (3.5)

Proof:
Theproof followsin asimilarfashionto theargumentfor Burgers’equation.Wetaketheinner

productof _ with equation(3.3)giving(�_á<
_ $ /�&)(�_á<ti ehe ­¢(*",+.-0/b_�&z(J_ +�-�/t"g�v(J_ +�-2/c_Î®�&z(J_�<h-L`
/%�z5'(J_µ<�de_4/ \
We caneliminatetheprojectioni ehe since _×�Fi ehe5_ anduseintegrationby partsto give�� ïï � } _ } 9Z&z(J_µ<�(J_ +�-2/t"I/%���=5 } -j_ } 9
Herewe haveused (�_µ<�(*",+.-0/b_�/%� � , (J_�<a`
/%� � and (�_µ<�(�_ +�-2/b_�/%� � . For example(J_�<�(�",+.-2/b_4/Z� `Lk8l ^ (*À k < « ¡ ¬ À k &�m ¡ / À k &gÀ ¡ n À k /� �� `Lk8l ^ ( « < ¡ ¬ (�ÀQ9k /E/[&)(�m�< ¡ / (�À=9k /�/�&z(�À�< ¡ / (�À=9k /E/��� �� `Lk8l ^ ( « ¬ &�m / &,À n <EÀ 9k /� � \
We canestimatetheterm (�_µ<�(J_ +�-2/t"I/ in theaboveequationusingthecrudeboundbÏ(�_µ<�(J_ +�-2/t"f/{b8�3³ihVb -á"�b ª } _ } 9Q<
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FIGURE 7. This figure illustratesa mechanismfor the removal of errorsin the playbacksolutionfor the
Navier-Stokesequations.In certainregions,thelarge-scalemotionwill locally advecttheerrorstowardthe
dissipative structures,suchasshearlayers.Thefigureshows a converging flow modeledby thelarge-scale
motion oYùIã ó �qp	�[r
p	s�rt�.ô . An analysisshows thatastheerrorsareadvected,energy is transformedinto
higherfrequenciesthatcanbemoreeffectively dampedby theviscousdissipation.Thenonlinearcoupling
betweenthelarge-andsmall-scalemotioncanthusincreasetheeffective dissipationof theerror.

where ³ih:�Ö� for two-dimensionsand ³ih��Öà for three-dimensions.SincetheFouriercoeffi-
cientsof _ arezerofor b ��bV�v� � it follows that

} -j_ } 9 Hk� 9� } _ } 9 andthus�� ïï � } _ } 9 �6(*³ h b -�"Qb ª �258� 9� / } _ } 9 \
Thereforeby choosingthecut-off wave numberto be� � H6Â Ã &J³ h b -�"�b ª5

then �� ïï � } _ } 9 �M� Ã } _ } 9 \
andit follows thattheerrorwill decayexponentiallyfast,} _µ(t+~<E�E/ } �3´ ¶�Ä $ } _µ(t+~< � / } \
Unfortunatelytheseestimatesdonot indicatethattherelativeerrorin thesmall-scaleapproaches
zero.

Computationspresentedin later sectionssuggestthat the estimate(3.4) for the cutoff wave
numberis oftenmuchtoo large.For example,for two-dimensionalcomputationswith 5��z� \ÙØ ���� ¶[u and b -�"Qb ªÐ� � insteadof � � Ú W
��� aspredictedby (3.4)we insteadfind that � � Ú �CY is
largeenough,seefigure(12).
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3.1. Remarks

We cangiveaheuristicargumentasto why theerrorsmaydecaymorerapidly thanpredictedby
theenergy proof.Theequationfor theerrorin theplaybacksolution_ $ &,i e_e ­¢(*"g+�-2/b_�&z(J_ +�-0/1",�v(J_ +.-2/c_Î®�&k-L`��65�de_�< (3.6)

is very similar in form to theequationfor theerror(2.4b) for Burgers’equation.As with Burg-
ers’ equationthebehaviour of thesolutionsto theNavier–Stokesarestronglydependenton the
characteristics, ï�vï � �v"Q( v <E�E/;< v (�� � /f�FB � \
andthevariationof thecharacteristics,ïXv ·ï � � ¡ "¡ B ( v <��E/ v · (*BD<E�E/�� wx « ¬ « / « nm ¬ m / m nÀ ¬ À / À n yz v · (*BD<��E/ \
Let { k , | � � <h��<�à denotethe eigenvaluesof the Jacobianmatrix

¡ "D± ¡ B . The sum of the
eigenvaluesis equal to the traceof the Jacobianmatrix which equalszero since the flow is
incompressible.Considerthe realpartsof theeigenvalues,}�Su(~{ k / . If the realpartsarenot all
zerothensincetheir sumis zerowe eitherhave oneeigenvaluewith negative realpartandtwo
with non-negativerealpartor two eigenvalueswith negativerealpartandonewith non-negative
real part. If we start from smoothinitial conditionsthenwhen }�SV(Q{�^;/á¥ �

and }KSV(~{ 9�� `�/áH�
the characteristicswill converge in the direction of the first eigenvectorand diverge in the

directionsof theothertwo. Neglectingthestretchingterm ( � +�-2/1" , thedirectional-derivatives
of thevorticity will tendto increasein thedirectionof thefirst eigenvectoranddecreasein the
othertwo. The solutionwill thuslocally attemptto form a shearlayer. In the othercasewhen}�Su(~{ ^ � 9 /Q¥ � and }KSV(~{ ` /=H � (which canonly happenin threedimensions)thecharacteristics
will converge in two directionsanddiverge in the third, while the derivativesof the vorticity
will increasein two directionsanddecreasein thethird. This correspondsto theformationof a
vortex filament.Whentherealpartsof theeigenvaluesareall zerothenthecharacteristicsneither
convergenordiverge,if theimaginarypartsarenon-zerothenthiscorrespondsto arotatingflow,
suchasin a largevortex blob.

Thereare two importantpoints to be madehere.One is that the characteristics,which are
mainlydefinedby thethelarge-scale,causetheformationof thedissipativestructureswherethe
gradientsof vorticity arelarge.Thesecondis thatthecharacteristicswill oftenadvecttheerrors
in theplaybacksolutioninto thesedissipativestructures.

If we want the large-scaleto determinethe formationof the dissipative structuresthenwe
shouldchoose�u� largeenoughsothat theJacobianmatrix of thelargescale,

¡ "Ze�± ¡ B is a good
approximationto the Jacobian-matrix

¡ "I± ¡ B of the full solution for then the large-scalewill
representthecharacteristicsreasonablywell.

Unlike the shocksthat form in solutionsto Burgers’ equation,which arevery stabledissi-
pative structures,the shearlayersand vortex filamentsare unstableto perturbationsand will
tendto stretchandroll up forming morecomplicatedstructuresandsmallvortex blobs,seeBell
& Marcus(1992)andSaffman (1992).Thesefine scalefeaturesareprobablyvery effective at
dissipatingenergy. However it is not apparentfrom argumentsbasedon characteristicsthat the
internaldetailsof theseunstabledissipative structureswould be reconstructedin the playback
solution.Surprisinglythe numericalcomputationsshow that many of thesedetailsare recon-
structed,seethe contourplots of the playbacksolution in figure (12) for two-dimensionsand
figure(19) for three-dimensions.It is likely that thenonlineartermsin theNavier-Stokesequa-
tionswhichcouplethesmall-scaleFouriermodesto thelarge-scaleFouriermodeshaveastrong
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effect in thedissipativestructures.Thiseffect is hardto quantifybut it is consistentwith ourpre-
viouscalculationsthatshow perturbationsto thesmall scalearequickly damped,seeHenshaw
& Kreiss(1991),Browninget al. (1998a) andKreiss& Yström (1998).

As in the casefor Burgers’ equationtherewill be situationswhen the large scalewill not
determinethesmall-scalesuchasif thereis no large-scaleor if thereareisolatedregionsof the
flow thatareonly weaklyconnectedto thelargescale.

Conjecture: Why the largescalemotion often determinesthe small scalefor the Navier-
Stokes: Thelarge-scalemodesdeterminethe basicstructure of the flow and setsup the dissi-
pativestructures.In two-dimensionsthe main dissipativestructuresappearto be shearlayers
while in three-dimensionsthe dissipativestructuresappearto be the highly convolutedvortex
filamentsandshearlayers, Lesiuer(1990),Chorin (1994).Thelarge scalemotionadvectsper-
turbationstowards the dissipativestructureswhere they are compressedand transformedinto
higherfrequencieswhich canbeeffectivelydissipatedbyviscouseffects.

4. Calculations of the two-dimensionalNavier–Stokesequations
In thissectionwedescribenumericalresultsfor thetwo-dimensionalNavier-Stokesequations.

We solve thetwo-dimensionalNavier-Stokesequationsfor thethird componentof thevorticity,�g� ^ ` , �[$x&)(*"g+�-2/t�J�)5�d �-d+;"3� �
with a pseudo-spectralmethodin spaceand anda fourth-orderpredictor-correctormethodin
time,seeHenshaw etal. (1989)for moredetails.We definethekineticenergy spectrum

� (C�8/ as� (C�8/%� �� Lo ¶ ^�s 9 n�m N m ��o;r ^Es 9 btO"Q(CR!<��E/{b 9 \
andthus � � � } " } 9.±�(y�
GD/�� �� L NAbtO"Q(CR!<��E/{b 9Q� L o � (y�8/ \
We alsodefinetheanaveragedvorticity spectrum, OÀ:(C�8/ definedbyOÀ (C�8/f��� m � ¶ R m � ^Es 9 b O�=( � /{b� m � ¶ R m � ^Es 9 � \
Theinitial conditionsfor thereferencesolution, � Z (*BD<��E/ , arechosento have randomphaseand
anenergy spectrumof � Z (C�8/f��� Z � S ¶�Å o s oI� ÇJ�
where �X���)à \ Ø andtheconstant� Z is chosensothatthevorticity hasa maximumof 1,b � Z (E+¢<�+¢< � /�b ª � � \
Themaximumvalueof the velocity in the referencerun is about

� \ � , theaveragevaluefor the
velocity is about

«�� � � ± ��� thusthe convective time scaleis about � � ���
	[± «�� Ú Y�� . We
solve with P grid pointscorrespondingto P�±�� Fouriermodes.We use Pd�M� Ø Y , Ø � � and

��� � =
for 5�� ��� ¶!� , ��� ¶�� and � \ Ø � ��� ¶[u , respectively. Figure8 showssomeresultsfor thereference
computationwith 5��M� \ÙØ � ��� ¶�u . Noticethattheenergy is almostconstantandthattherateof
dissipationof enstrophyis amaximumatabouttime �!�g� � \
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FIGURE 8. Two-dimensionalNavier-Stokes:datafor thereferencesolution.Left: spectrumof thevorticity.
Right: Thescaled£ � -normof thevelocity ( ¤ ), scaled£ � -normof thevorticity ( � ) andscaleddissipation
rate ¥ � õ�¦4öQõ ( § ). Thequantitieson theright arescaledto have a maximumof 1. Theplay-backsolution
begins at time â�ã�ü���û when õ3¦4öKõ is nearlya maximum.Theenergy only decreasesby û ç.ü percentby
time â�ã � ��� .

Wedefinetheplaybacksolution, �'�8(*BD<��IH_� � /%�K� e� &i� e_e� to besolutionof theequationswhen
the first � � modesaresetequalto thosefrom the referencesolution for all time, �Ze� (CBD<E�E/���ZeZ (CBD<E�E/ , but having zeroinitial conditionsfor thesmall-scale,�Ze_e� (*BD<�� � /�� � . Thesmall-scale
of theplaybacksolutionis computedfrom theequationsanalogousto (1.4).In practicewesolve
for all Fouriermodesbut replace,at eachtime step,the large-scalemodeswith thosecomputed
from thereferencecalculation.

Wedefinethetruncatedsolution �©¨8(CBD<E�IH_�u�h/ to bethesolutionto thefull equationswith initial
conditions �Ze¨ (*BD<��1��/4�ª�ZeZ (*BD<��1��/ , and �Zehe¨ (CBD<E�1��/�� �

. Thus the first �u� modesin truncated
solution are given as initial conditionsbut areNOT assignedover time. We will seethat the
truncatedsolution divergesfrom the referencesolution while the playbacksolution doesnot.
Theplaybackandtruncatedcomputationswerebothstartedat � � � Ø � .

Therelativeerrorin theplaybacksolutionis definedasS � (��E/f� } � ehe� �L� eheZ } 9} � eheZ } 9 <
with a similar definition for the relative error in the truncatedsolution, S«¨8(*�E/ . We alsocompute
thepercentageof theenstrophythatis containedin thelarge-scale,\ (y� � <��E/%� } �Ze�(t+~<E�E/ } 9} �=(E+¢<��E/ } 9 � ���
��] \

In figure (9) we summarizethe two-dimensionalresultsfor errorsin the playbacksolution.
Thefiguresshow therelative errorsfor differentvaluesof thecut-off wave number�u� anddif-
ferentvaluesof 5 . The resultsshow thata relatively few numberof modesarerequiredfor the
relativeerrorto decrease.Theerrordecreasesmorerapidlyas �u� is increased.As 5 is decreased
somewhatmoremodesarerequiredto attainthesamerelativeerror. Thebottomright sub-figure
of (9) shows that the relative errorsfor differentvaluesof 5 is roughlycorrelatedwith theper-
centageof vorticity in thelargescale,

\ (C� � <E�%� � Ø � / . For
\ (C� � <E�%� � Ø � /!� V ��] thetherelative

errorliesbetween

Ø �2� � Ø ] . Figure(10)showscorrespondingresultsfor thetruncatedsolution
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FIGURE 9. Two-dimensionalNavier-Stokes:therelativeerrorsin thehighmodesfor theplaybacksolutions
asa functionof time anda functionof thecut-off wave numberå.æ . As å.æ is increasedtherelativeserrors
decrease.Thecaptionsindicatethepercentageof enstrophycontainedin thelarge-scaleat â�ãgü�� .
whenthetime historyof the largescaleis not assignedover time. In this casetheerrorquickly
grows.

Although S{��(*�E/ is agoodquantitativemeasureof theerrorwealsofind it usefulto comparethe
vorticity contoursof thereferencesolutionto thoseof theplaybacksolution.This picture-norm
measuregivesoneagoodindicationof whenthesmallscalefeatures,suchassmallvortices,are
recovered.If asmallvortex is recoveredbut in slightly thewrongpositionthenthepicture-norm
maybesmallwhile therelativeerrorcanbelarge.Also notethatthepositionof contourlinesare
a sensitivemeasureof a function,especiallywherethefunctionis nearlyflat.

Figures(11-12)shows someresultscomparingthecontoursof thevorticity for the reference
solution to the play-backsolution with � � � ��Y

. In eachfigure we show the the play-back
solutionon the left andthe referencesolutionon the right.Theinitial conditionsfor the play-
backsolutionaretaken from thereferencesolutionat time �K� Ø � . At the initial time, �Q� Ø � ,
figure (11) the two solutionsare very different.By time �>� ���
�

(not shown) the fine scale
featureshave beenrecoveredto a significantdegreeandby ����� �
� they agreeto a remarkable
degree.In figure(14) we show correspondingresultsfor thetruncatedsolution.Althoughsome
of thelargescalestructurescanstill beidentifiedthetruncatedsolutionis verydifferentfrom the
referencesolution.

Figure(13)showsanotherrepresentationof theerrorsin theplaybackandtruncatedsolutions.
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FIGURE 10. Two-dimensionalNavier-Stokes:therelative errorsin thehigh modeswhentheinitial condi-
tionsaretruncatedto å.æ modesbut the lowest å.æ modesareNOT assignedover time. Theerrorsinitially
decreasebut thenquickly grow.

Play-backinitial conditionså.æ!ã èI¬ . Referencesolution.

FIGURE 11. Two-dimensionalNavier–Stokes:contoursof thevorticity at thestartingtimefor theplay-back
computation.Left: play-backsolution,right: referencesolution.The initial conditionsfor the play-back
solutionaresetequalto thelowest å.æ!ã è�¬ modesof thereferencesolutionat â'ãJü�� .
Shown arethespectrumsof therelativeerrors.While theerrorin theplaybacksolutiondecreases
over time thosein thetruncatedsolutionincreaseastheerrorsin thelarge-scalequickly grow.

Morenumericalresultsfor thetwo-dimensionalNavier-Stokesequationscanbefoundin Brown-
ing et al. (1998b) andHenshaw etal. (2001).

5. Calculations of the thr ee-dimensionalNavier–Stokesequations
The three-dimensionalnumericalresultswere computedwith a de-aliasedpseudo-spectral

methodthat wasbasedon a codedevelopedby Lundbladhet al. (1992),Hallbäck (1993)and
Alvelius (1997).The equationsareformulatedin termsof the vorticity andvelocity in a form
wherethepressureis eliminated.Theprimarydependentvariablesarechosentobethe * � components
of thevorticity andvelocity. Fromthesethe ¯ and ­ componentsof thevelocityandvorticity can
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Play-backsolution å.æ!ã èI¬ . Referencesolution.

FIGURE 12. Two-dimensionalNavier–Stokes:solutionsat time â=ã � �C� . Left: play-backsolution,right:
referencesolution.Theplay-backsolutionis almostthesameasthe referencesolution.Many of the fine
scalefeatureshave beenrecoveredin a pointwisesense,not just in a statisticalsense.Therelative error is®�¯
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FIGURE 13. Two-dimensionalNavier–Stokes. Left: The relative error in the vorticity spectrumfor the
play-backsolutionwith

èI¬
modesgiven.Theerrorsdecreaseastime proceeds.Right: Therelative errorin

thespectrumwhenthefull equationsaresolvedwith initial conditionstruncatedto thefirst
èI¬

modesof the
referencesolution.

beeasilyupdatedsincein spectralspacethecontinuityequationandthedefinitionof thevortic-
ity in termsof the velocity arerepresentedassimplealgebraicrelations.For the discretisation
in time,thenon-lineartermsaretreatedexplicitly with asecondorderAdams-Bashfordmethod.
ThesecondorderCrank-Nicholsonmethodis usedfor the linearviscousterm.Thereis a vari-
abletime stepfeatureimplementedin thecodebut sincewe do comparisonsbetweendifferent
calculationsatequalsimulationtimes,weuseaconstanttimestep.
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Solutionwhentime-historyis NOT fixed. Referencesolution.

FIGURE 14. Two-dimensionalNavier-Stokes.Left: The solution to the full Navier-Stokes equationsatâ�ã � �C� whenthe initial conditionsarechosento be thefirst
è�¬

modesof the referencesolutionbut the
time historyis NOT enforcedasa constraint.Right: referencesolution.Thesolutionon theleft hasclearly
changeddramaticallyin comparisontheplay-backsolutionof figure(12)

We considerequalgrid spacingin all directions.Let P��6�C³ for soméÎ? � , and� T �2­Ï�µP�±��D& � <3P�±
�.® <ÜRá�Ö(C�V^
<_� 9 <_�
`�/ a \
We denotethesmallestscalethatwecanrepresenton thegrid by {!¶k T 6 andwill usetherelation{ ¶k T 6 � � ±
� k � ¬ �)�u±IP \

The referencesolution for our three-dimensionalcomputationswasobtainedwith a viscos-
ity equal to 5Ð� � ±�à �
� and P � � Ø Y . We denotethis numericalsolution by " Z and

� Z
for the velocity andvorticity fields respectively. The initial datafor the referencecalculation
hasrandomphase,satisfythe incompressibilityconstraintandhasthe kinetic energy spectrum
� (C��/Z�·� Z � 9 S ¶�Å o s o Æ ÇJ� , where � � Ú)à \ = and � Z chosensuchthat

��� (*" Z (E+¢< � /E/f� � \ Ø . In figure
15, thekinetic energy, rateof dissipationandthemaximum-normof thevorticity is plottedver-
sustime �µ�3­ � < Ø ® . In figure16 theenergy spectrumat �I� � \ � < � \ � andat �D� � \ÙØ <h� \ÙØ <�à \ Ø < =�\ Ø <
areplottedrespectively. Wenow askif thereferencecalculationis well resolved.Henshaw etal.
(1990)haveshown thatthesmallestlength-scaleof theflow is of theorder{ k T 6¹¸�(y5�± b -�"Kb ª /Xº� \ (5.1)

where b -�"Kb ª is definedin (3.5). Grid refinementcalculationswere performedby Kreiss &
Yström (1998)andit wasconcludedthat the inverseof theright handsideof (5.1) is actuallya
goodapproximationof how many modesareneededto resolve thesolutionaccurately. For the
referencecalculationwecomputeb -�"�b ª Ú ¨ � Ñ$t»4¼ � � �c½ b � Z b ª Ú = � \ à8<
which gives (C5�± b -�"Qb ª / º� ±'{ ¶k T 6 Ú � \ � �V<
andweconcludethatthereferencecalculationis well resolved.For laterreferencewealsocom-
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putethe relative kinetic energy andenstrophycontentsof the large-scaletogetherwith the � 9
normof � ehe (�"ZeZ / for thereferencerun for �u�f� V < ��� < � � , seefigure17.

As in thetwo-dimensionalcasewe definetheplaybacksolution "!����"Ze� &J"Ie_e� with thethe
large-scalemotion setequalto the referencesolutionlarge-scalemotion, "Ie� (CBD<E�E/��Ð"fe
(CBD<E�E/
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FIGURE 17. Resultsfor the referencesolution for computationsof the three-dimensionalNavier-Stokes
equations.Left: relative energy in thelarge-scalefor differentvaluesof å.æ . Right: relative enstrophyin the
largescalefor differentvaluesof å æ .
and the small-scalecomputedfrom (1.6). The playbacksolution is startedat � � � � \

andwe
solve for thethreecases� � � V < ��� < � � .

For comparison,or proof of concept,we alsomake a calculationfor theNavier–Stokesprob-
lem (1.1)with truncatedinitial data " � (*B%/%�)" eZ (*BD<�� � /q<
where � � � � � and � � � � \ � . This numericalsolutionis denoted" ¨ .

In figure(18)we show therelativeerrorin theplaybacksolutionsandthetruncatedsolutions.
Theresultsaresimilar to thosefrom thetwo-dimensionalcase.Therelativeerrorin theplayback
decreasessignificantlyevenwhena relatively few numberof large-scalemodesarespecified.In
contrast,theerrorsin thetruncatedsolutionquickly grow.

Figure(19)comparescontoursof b � b for theplaybackandreferencesolution.Thecomparisons
aredonein the * � * � planesfor which b � Z b attainsits maximum.By time �K�Üà many of the
fine scalefeaturesof the solutionhave beenrecoveredin the playbacksolutionswith � � � � �
giving betterresultsthan � � � ��� .

Morenumericalresultsfor thethree-dimensionalNavier-Stokesequationscanbefoundin Kreiss
& Yström(1998)andHenshaw etal. (2001).

6. Summary
We have attemptedto reconstructthesmall-scalespatialFouriermodesby incorporatingthe

time historyof the first � � Fouriermodes(the large-scale)asknown forcing into theequations
governingtheevolutionof thesmall-scale.We have investigatedthis processfor Burgers’equa-
tion in one-dimensionandfor the incompressibleNavier-Stokesequationsin two andthreedi-
mensions.Numericalcomputationsshow that thesmall-scalefeaturescansometimesberecon-
structedto asurprisingdegreeof accuracy evenfor arelatively few numberof large-scalemodes.
Thereare,however, situationswhenthe small-scaleis uncoupledto the large-scaleandcannot
be reconstructed.Rigorousanalyticalresultspredicta value for �
� which is much larger than
thosefoundnumerically. We presentsomenon-rigorousanalysisto suggestwhy so few modes
aresometimessufficient. We arguethat thecharacteristicsof the largescaleflow causethe for-
mationof the dissipative structures,shocksfor Burgersequation,shearlayersandvortex fila-
mentsfor theNavier–Stokes.Thecharacteristicsalsoadvecterrorsinto thedissipativestructures



26 W.D. Henshaw, H.-O. KreissandJ. Ystr̈om

1 1.5 2 2.5 3 3.5 4 4.5
10

−3

10
−2

10
−1

10
0

Relative error in the playback solution, 3D NS.

re
la

tiv
e 

er
ro

r

time

 k
c
=8  

 k
c
=10 

 k
c
=12 

1 1.5 2 2.5 3 3.5 4 4.5
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8
Relative error in the truncated solution, 3D NS.

re
la

tiv
e 

er
ro

r

time

 small−scale : k
c
=12

 large−scale : k
c
=12

FIGURE 18. Three-dimensionalNavier–Stokes.Thefigureon the left shows therelative error in theplay-
backsolutionwhenthecutoff wavenumberis å.æ!ã)Ç'r è �'r è � . Therelativeerroris õao�ùtùÁ �Èo[ùtùò õ �q÷ õ
o�ùtùÁ õ � .
Thefigureontheright shows therelativeerrorsin small-scaleandthelarge-scalefor thetruncatedsolution
whenthe large-scaleis not assignedover time. The relative small-scaleerror in the truncatedsolutionisõ
o ùtùÁ �?o ùtùÉ õ � ÷ õao ùEùÁ õ � andtherelativeerrorin thelarge-scaleis õao ùÁ �?o ùÉ õ � ÷ õ
o ùÁ õ � .
wherethey areremovedby viscouseffects.Fromanotherviewpoint, thenonlineartermsof the
equationscanprovide a strongcouplingbetweenthesmall-scaleFouriermodesandlarge-scale
Fouriermodessothatwhenthelarge-scalemodesaregivenover time thesmall-scalemodesare
constrainedto beconsistentwith thelarge-scalemodes.
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